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THEORY OF  TUMBLING  BODIES ENTERING PLANE2ARY  ATMOSPHERES 

WITH APPLICATION TO PROBE VEHICLES AND 

THE AUSTRALIAN  TEKTITES 

By Murray  Tobak and  Victor L. Peterson 

Ames Research  Center 
Moffett   Field,  Calif. 

SUMMARY 

The tumbling  motion  of  aerodynamically  stable  bodies  entering  planetary 
atmospheres i s  analyzed  consider ing  that   the   tumbling,  i t s  a r r e s t ,   and   t he   sub -  
sequent  oscil latory  motion  are  governed by t h e   e q u a t i o n   f o r   t h e   f i f t h   P a i n l e v 4  
transcendent.   Results  based  on  the  asymptotic  behavior  of  the  transcendent are 
app l i ed   t o   s tudy  (1) the   o sc i l l a to ry   behav io r  of planetary  probe  vehicles   in  
r e l a t i o n   t o  aerodynamic  heating  and  loads  and ( 2 )  t h e  dynamic behavior of t h e  
A u s t r a l i a n   t e k t i t e s  on enter ing  the  Earthls   a tmosphere,   under   the  hypothesis  
t h a t   t h e i r   o r i g i n  was t h e  Moon. 

INTRODUCTION 

When a body i n   s p a c e  i s  separated  from a parent body, i n  most ca ses   t he  
separa t ion   process  w i l l  l e ave   t he  body with a measure of angular momentum. 
The body then w i l l  tumble at a constant rate about i t s  center   o f   g rav i ty   for  
the  remainder of i t s  so journ   in   space .  A s  it en te r s  a planetary  atmosphere, 
however, i t s  tumbling rate w i l l  begin t o  be   a f fec ted  by t h e  aerodynamic  forces 
and moments t h a t  come i n t o   p l a y  as t h e  dynamic pressure  builds  up.  If t h e  
body's  shape i s  such as t o  provide a measure  of  aerodynamic s t a b i l i t y ,   t h e  
increasing  aerodynamic moment eventually w i l l  br ing  the  tumbling rate t o  zero. 
Subsequently,   the body w i l l  undergo  an  osci l la tory  motion  of   possibly  large 
but  diminishing  amplitude. It i s  o f   i n t e re s t   t o   ana lyze   t he   s equence   bo th   i n  
connec t ion   wi th   the   des ign   of   vehic les   des t ined   to  make uncont ro l led   en t r ies  
into  planetary  a tmospheres   and  in   connect ion  with  the  s tudy  of   the  motions of 
ex t r a t e r r e s t r i a l   ob jec t s   t ha t   have   found   t he i r  way i n t o   t h e   E a r t h ' s  
atmosphere. 

The equations  governing a tumbling  entry a re  inherently  nonlinear  and 
hence d i f f i c u l t   t o  t reat  a n a l y t i c a l l y .  The first i n v e s t i g a t i o n   i n   t h i s  f i e l d  
t h e r e f o r e  was a numerical  study ( r e f .  1) of a p a r t i c u l a r   v e h i c l e   e n t e r i n g  a 
specific  atmosphere (Mars'). Subsequent ly ,   an  analyt ical   t reatment   of   the  
problem w a s  r epor t ed   i n   r e f e rence  2. Resul ts   of   that   s tudy showed t h a t  s i m -  
plifying  approximations  could  be made, enabling  the  tumbling  motion, i t s  
arrest, and  the  subsequent  oscil latory  motion t o  be  governed by a s i n g l e   d i f -  
ferent ia l   equat ion.   This   equat ion was i d e n t i f i e d  as t h e   e q u a t i o n   f o r   t h e  
f i f th   Pa in lev6   t ranscendent .   Fol lowing   tha t   s tudy ,   another   ana lys i s  w a s  
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car r ied   ou t  (ref.  3) i n  which t h e   f u n c t i o n a l   r e l a t i o n s h i p s   e x i s t i n g  between 
t h e  motion  of the   vehic le   and   the   vehic le   and   p lane tary   p roper t ies  were 
deduced  from the  asymptotic  behavior  of  the  transcendent.  

The purpose  of  the  present work i s  t o  combine the  analyses   of  
references 2 and 3 i n  a u n i f i e d   t r e a t m e n t   a n d   t o   a p p l y   t h e   r e s u l t s   t o  two d i f -  
fe ren t   types   o f   p roblems.   In   the  f i r s t ,  the  tumbling  entry of a probe  vehi-  
c l e  i s  considered,  and it i s  shown how t h e   r e s u l t s  may be  used t o  make r a p i d  
e s t ima tes   o f   t he   ampl i tudes   o f   t he   o sc i l l a to ry   mo t ion   i n   r e l a t ion   t o   ae rody-  
namic hea t ing   and   loads .   In   the   second,   a t ten t ion  i s  d i r ec t ed   t o   an   a spec t   o f  
t he   r e sea rch  on t h e   o r i g i n   o f   t e k t i t e s .  On t h e   b a s i s   o f   t h e  work of Chapman 
and  Larson ( re f .  4) t h e   A u s t r a l i a n   t e k t i t e s  are taken t o   b e  of   lunar   or igin 
and  the  consequent dynamic behavior   o f   the   t ek t i tes  on en ter ing   the   Ear th’s  
atmosphere i s  examined within  the  context   of   the   present   analysis .  

SYMBOLS 

A 

B 

C 

CD 

CL 

f 

HS 

I 

1 

m 

2 

reference area 

parameter  defined by equation (43)  

parameter  defined by equations (27’) 

drag   coef f ic ien t ,  - drag 
SA 

l i f t  c o e f f i c i e n t ,  - lift 
SA 

pitching-moment c o e f f i c i e n t ,  p i t ch ing  moment 
qAZ 

dependent   var iable ,   tan E 

a cce l e ra t ion  due t o   g r a v i t y  

parameter  defined by equations (2’7 ) 

stagnat ion-point   heat   t ransferred  per   uni t   area 

p i t ch ing  moment of i n e r t i a  about cen te r  of g r a v i t y  

moment of iner t ia   about   ax is   o f   sp in  

Bessel  function  of f i r s t  kind of zero  order 

Bessel  function  of f i r s t  kind  of f i rs t  order 

re ference   l ength   for  moment coef f ic ien t   eva lua t ion  

body mass 



n 

S 

t 

U 

V 

v 

X 

a 

P 

Y 

E 

EC 

0 

K 

A 

P 

integer ,   denot ing number of complete  tumbles 

dynamic pressure,  5 pV2 

d i s t ance  from cen te r  of p l a n e t   t o  body 

I 

dynamic-pressure  parameter, P V i  s i n  y i  

time 

ho r i zon ta l  component of f l i g h t   v e l o c i t y   ( s k e t c h  ( a ) )  

v e r t i c a l  component of f l i g h t   v e l o c i t y   ( s k e t c h  ( a ) )  

f l i g h t   v e l o c i t y  ( sketch (a)  ) 

independent  variable  (eqs . (lo) ) 
axes   f ixed   in   space  w i t h  o r i g i n  a t  planet   center   (sketch ( a )  ) 

a l t i t u d e  

Bessel   funct ion of  second  kind of zero  order 

Bessel  function  of  second  kind of f i r s t  order 

BJ0(x) -t bY0(x) 

angle of a t t a c k   i n   p l a n a r  motion  (sketch ( a )  ) 

density  parameter  (eq. ( 7 ) )  

f l i gh t   -pa th   ang le ,   pos i t i ve  when depressed  f rom  local   hor izontal  
(sketch ( a ) )  

dependent  variable  (eq.  (16) ) 

i n i t i a l   v a l u e  of E which  causes body eventually t o  t r i m  i n  backward 
a t t i t u d e  

increment i n   i n i t i a l   v a l u e  of E measured from (eq.  (19)) 

angle   of   pi tch  measured  f rom  axis   f ixed  in   space  (sketch ( a ) )  

angle  of p i t c h  measured  from loca l   ho r i zon ta l   ( ske t ch  ( a ) )  

ablation  parameter  (eq.  (63) )  

atmospheric  density 

3 



atmospheric  density a t  su r face  of planet  

resu l tan t   angle   o f   a t tack   in   nonplanar   mot ion   ( ske tch  ( h ) )  

angular  displacement of body  from f ixed   space   ax is ,  8 - 0 ( s k e t c h ( a ) )  

angular   ve loc i ty   o f   ro ta t ing   l iqu id   ( ske tch  ( e )  ) 

i n i t i a l   v a l u e  

value  of  quantity at f i r s t  peak  of  oscil latory  motion 

maximum value  of   quant i ty  

minimum value  of  quantity 

envelope  of   osci l la tory  funct ion 

quantity  evaluated a t  maximum heat ing 

ANALYSIS 

The a n a l y s i s   l e a d i n g   t o  a d i f f e ren t i a l   equa t ion   t ha t   can  be s a i d  t o  
character ize   the  tumbling  entry  problem was i n i t i a l l y   p r e s e n t e d   i n   r e f e r e n c e  2. 
That   analysis  w i l l  be   g iven   here   aga in   in  a s l i g h t l y  amended form t o   b r i n g   o u t  
i t s  r e l evance   t o   t he   s tudy  of t h e  motions of e x t r a t e r r e s t r i a l   b o d i e s  as w e l l  
as of  vehicles.  A s  before ,   in   order   to   reduce  the  problem  to   manageable   pro-  
port ions,  it i s  assumed at  t h e   o u t s e t   t h a t  (1) t h e   r o t a t i o n  of the  planet   and 
of i t s  atmosphere may be  neglected; ( 2 )  t h e  motion i s  planar;  and. ( 3 )  t h e  
acce le ra t ion  due t o   g r a v i t y  i s  constant.  Further  assumptions  and  approxima- 
t i o n s  w i l l  be  introduced as necessary. 

Equations  of Mot ion 

Under t h e  above  assumptions,  the  equations  governing  the  bodyls  path  and 
i t s  motions  about t h a t   p a t h  may be   wr i t ten  as 

-mV - CDqA + mg s i n  y = 0 

mV7 + CLqA+ m[(Vz//r) - g ]  Cos 7 = 0 

16 - qA2Cm = 0 

h 
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The angles a, y ,  0 , $ , 0 are defined 
i n   s k e t c h  ( a ) .  z l  

Simplified  angle-of  -attack 
equation. - Numerical  solutions  of  equa- 
"(1) i n d i c a t e   t h a t  after t h e  body 
en ters   the   p lane tary   a tmosphere ,   there  
i s  always  an  interval  over  which  the 
f l i gh t -pa th   ang le  y and t h e   f l i g h t  
speed V do not  change  significantly.  
S i n c e   t h i s  i s  the   i n t e rva l   ove r  which 
any  tumbling  motion would occur, it i s  
an  appropriate   approximation  to   take x 

Sketch (a) 

Then,  since $ = u[r, $ w i l l  be e s sen t i a l ly   ze ro ,  SO t h a t  

O = u  
* '  .. 

center 

Next, it w i l l  be  assumed t h a t  aerodynamic damping-moment terms  are   negl igible  
over   the  range  of   interest ,  s o  t h a t   t h e  aerodynamic moment in   equa t ions  (1) i s  
a funct ion of angle of a t tack  only.   This ,   in   conjunct ion  with  equat ion (3)  , 
enables one t o  consider   the last  of  equations (1) independently  of  the  other 
two. T h a t  equation becomes 

Aerodynamic restoring-moment  coefficient. - As a body tumbles, it sweeps 
through  the  ent i re   angle-of   -a t tack  range.  The aerodynamic  restoring-moment 
coe f f i c i en t   t he re fo re  must be specified  over t h a t  entire  range.  Consider 
f i r s t  a veh ic l e   i n t ended   t o   ac t  as a planetary  probe. It i s  r e a s o n a b l e   t o  
a n t i c i p a t e   t h a t   h e a t i n g  and s t ab i l i t y   cons ide ra t ions  w i l l  d i c t a t e   t h e   c h o i c e  
of i t s  shape,  hence,  that it w i l l  be  short   with a conic   p rof i le .   Also ,   in  
order t o  minimize t h e  amount of heat   protect ion  required,  it i s  advisable   tha t  
t h e   v e h i c l e   b e   s t a t i c a l l y   s t a b l e   i n  one t r i m  pos i t i on   on ly .   In   r e f e rence  1 it 
w a s  found tha t   t he   l a t t e r   r equ i r emen t   cou ld   be   fu l f i l l ed  by t h e   a d d i t i o n  of a 
convex af te rbody  to   the   o r ig ina l   conic   forebody.   Inspec t ion   of   the   exper i -  
men ta l   r e su l t s   co l l ec t ed   i n   r e f e rence  1 f o r  a vehic le  of t h i s  shape  reveals 
t h a t  the aerodynamic  restoring-moment  coefficient as a funct ion of angle of 
a t t a c k  i s  approximately a sine wave. Accordingly, it w i l l  be  assumed t h a t  f o r  
the  probe  vehicle ,  Cm(CL) in   equa t ion  (4)  may be  approximated by 

where CmmX i s  presumed t o  be  avai lable   e i ther   f rom  experimental   data  or, 
f o r  example,  from  Newtonian  impact theory.  The choice  of  equation (5 )  as an 
appropriate  form f o r   t h e  aerodynamic  restoring-moment  coefficient may be 
a r r i v e d  at f iom another  point of  view.  With t h e   a d d i t i o n  of a convex a f t e r -  
body, the  shape whose aerodynamic  restoring-moment  coefficient i s  reasonably 
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well  approximated by equation (5)  may, with a l i t t l e  imagination,  be  thought 
of as a mod i f i ca t ion   t o  a sphere. Now it is easy t o  see t h a t  a sphere  with 
i t s  center  of  gravity  displaced  from i ts  center  of  volume has,  without 
approximation,  precisely  equation (5)  as t h e  form  of i t s  aerodynamic 
r e s to r ing -moment   coe f f i c i en t .   I n   t h i s   l i gh t ,   t he re fo re ,  it is not   surpr is ing 
tha t   equa t ion  (5) should  appear as t h e   a p p r o p r i a t e   c h o i c e .   I n   t h i s   l i g h t  
a l so ,   cons ide r   t he   t ek t i t e s   found   i n   sou theas t   Aus t r a l i a .  As  pointed  out   in  
reference 4, the  primary  shapes  of  about 80 percent of them, t h a t  i s ,  t h e i r  
shapes on entering  the  atmosphere,  were undoubtedly  spheres or spheroids.  
The aerodynamic  restoring-moment  coefficient  for a perfect  sphere i s ,  of 
course,   identically  zero;  but  with a small amount of oblateness which m y  be 
considered as an  equivalent  displacement  of  the mass center   f rom  the  center  
of volume of a p e r f e c t   s p h e r e ,   t h e   t e k t i t e s   t h e n  would  have  had  aerodynamic 
restoring-moment  coefficients  of  the  form of  equation ( 5 ) .  It i s  t h i s   f a c t  
that   p laces   the  s tudy  of   their   motions  within  the framework  of the   p resent  
ana lys i s .  

Dynamic-pressure  history.-  Consistent  with  the  approximations  underlying 
equations (2), t h e   a l t i t u d e   h i s t o r y  of t h e  body as a funct ion of t ime is 

y - yi = -vit (6) 

where 

The assumption 
w i t h   a l t i t u d e  

then  gives   for  

vi = Vi s i n  yi  

t h a t   t h e   p l a n e t  I s  atmospheric  density  varies  exponentially 

P = P0e -PY 

t h e  dynamic pressure  over  the  range of i n t e r e s t  

with 

Alternat ively,  i f  a prec ise   t ime  h i s tory  of t h e  dynamic pressure i s  avai lable ,  
a more accurate   es t imate  of q .  and  Pvi may be  obtained by f i t t i n g   t h e   b e s t  
s t r a i g h t   l i n e   t o   t h e   i n i t i a l   p h r t i o n  of the  dynamic-pressure  his tory  plot ted 
on semilogari thmic  paper .   In   this   regard,  it should  be  clear  that   equa- 
t i o n  (8) reveals one of the   apparent ly  more severe   l imi ta t ions  of the   p resent  
ana lys i s ,  namely, t h a t  it can  be  expected t o  apply  only  over   the  port ion of 
t h e  time h i s t o r y   i n  which q( t )   increases   monotonical ly .  However, it w i l l  be 
f o u n d   t h a t   t h i s   i n t e r v a l  encompasses  not  only t h e   i n t e r v a l   o v e r  which tun- 
bl ing  occurs ,but   a lso  the  subsequent   range  over  which the   osc i l la tory   mot ion  
begins  and i s  reduced t o  small angles.  The r e s u l t s  of th i s   ana lys i s   should  
b e   s u i t e d   t o   a c t  as the  connect ing  l ink  between  the  body's   ini t ia l   behavior  
and the  behavior  described by t h e   r e s u l t s  of ana lyses   in  which t h e   l i n e a r  
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approximation t o   t h e  aerodynamic r e s t o r i n g  moment has   been  introduced  ( ref .  5, 
e.g.,  which i s  appl icable   a f te r   the   osc i l la tory   mot ion   has   been   reduced   to  
small angles ) .  

Transformed  equation. - Inser t ing   equat ions  (5) and (8) in to   equat ion  (4) 
gives  

.. AZ Pvit 
a - qi I Cke s i n  CL = 0 

which w i l l  be  taken t o  be the   d i f f e ren t i a l   equa t ion   cha rac t e r i z ing   t he  tum- 
bling  entry  problem. However, a transformation  of  equation (9) y i e l d s  a form 
t h a t  more quickly shows the   na ture   o f   the   so lu t ion .   Le t  

pvi = s 1 

Equation (9)  t a k e s   t h e  form 

a ~ ' ( x )  + a* + s i n  a = 0 
X 

w i t h  t h e   i n i t i a l   c o n d i t i o n s  

a ( K )  = ai 1 
a'(IC) = - a  

K S  

where, for  convenience, a(.) i s  presumed t o   l i e   w i t h i n   t h e   r a n g e  + 5 a(~) <_ n. 
Note t h a t  a l l  the  parameters  of  the  problem  have  been  concentrated  in  the  con- 
s t a n t  IC and the   i n i t i a l   cond i t ions .   Equa t ions  (11) and (12)  i n d i c a t e   t h a t  
a l l  combinations  of body and   p lane tary   p roper t ies   y ie ld ing   the  same value of 
IC and  the  same i n i t i a l   c o n d i t i o n s  a(~), a'(IC) w i l l  y i e l d   i d e n t i c a l   s o l u t i o n s  
f o r  a as a funct ion of x,   though  not  necessarily as a funct ion of t ime. 
The independent  variable x may be  given a physical  meaning when it i s  noted 
that ,   wi thin  the  approximations made, it i s  p r o p o r t i o n a l   t o   t h e   s q u a r e   r o o t   o f  
t h e  dynamic pressure  q.  

The  Painlevk  Transcendents 

The s u b s t i t u t i o n  w = s i n  a/2 i n   equa t ion  (11) transforms it t o  



where 
dw p = -  ax 

L(w) = 
W 

w2 - 1 

M ( x )  = - - I 
X 

N ( w )  = W ( W ~  - 1) 

I n   r e f e r e n c e  6, it w i l l  be   found  that   equat ion (13) i s  o f   t he  form  studied by 
the  French  mathematician  Paul  Painlev&  around 190. It i s  ca t egor i zed   mthe -  
mat ica l ly  as being a member  of t h e   g e n e r a l   c l a s s  of   second-order   different ia l  
equations whose s o l u t i o n s   h a v e   f i x e d   c r i t i c a l   p o i n t s  ( i . e . ,  no  movable branch 
poin ts  or essen t i a l   s ingu la r i t i e s ) .   Th i s   c l a s s   has   been  shown t o  possess 50 
members. O f  t h e  50, a l l  but 6 a re  i n t e g r a b l e   i n  terms of known funct ions.  
The remaining 6 def ine  new functions,  termed  "Painlevd  transcendents." The 
s u b s t i t u t i o n  W = (w + l ) / ( w  - 1) cas ts   equa t ion  (13) i n   t h e  form 

Wyx) = W ' 2  (& + w+) - W' - - 
X 2w t*) 

and it w i l l  be seen   in   re fe rence  6 
tha t   equa t ion  (14) i s  one  of  these, 
namely, t h e   f i f t h   ( w i t h ,   i n   I n c e ' s  
notat ion,  a. = P = Y = 0, 6 = -2) .  
Unfortunately,   as ide  f rom  this   categor-  
izat ion  and a comprehensive  examination 
of the  asymptotic  behavior  of  the f i r s t  
Painlev6  transcendent ( re f .  7 ) ,  no  sub- 
sequent   analyses   of   their   propert ies  
seem t o  have  been  published. 

Mechanical  Analogy 

Before  proceeding, l e t  us f i r s t  
consider a simple  mechanical  analogy  of 
equation (9)  whose behavior i s ,  i n  
e f f ec t ,   i n tu i t i ve ly   obv ious .  By t h i s  
means, the  range  and  character   of  
motion  governed  by the  equation  can be 
revea led   re la t ive ly   s imply .  

Sketch (b) 
Consider a small bead  constrained 

t o   s l i d e ,   w i t h o u t   f r i c t i o n ,  on a c i r cu -  
lar p a t h   i n  a v e r t i c a l   p l a n e .  L e t  a 
t ime-dependent  force  F(t)  be exerted 
downward on t h e  bead .   This   s i tua t ion  
i s  i l l u s t r a t e d   i n   s k e t c h  ( b ) .  Equating 
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the   to rque   about  
angular momentum 

t h e   c e n t e r   o f   t h e   c i r c l e   t o   t h e  bead's r a t e  of  change  of 
gives  

Thus, i f  g +   [ F ( t ) / m ]  i s  caused t o  va ry   i n   p ropor t ion   t o   t he   body ' s  dynamic 
pressure  his tory,   the   motion cp(t) governed by equation (15) w i l l  be analogous 
t o   t h a t  of t h e  body with cp p lay ing   t he   ro l e   o f  a. 

For convenience, l e t  cp = 0 (the  bottom of t h e   c i r c l e )  at t = 0. NOW 
g i v e   t h e   b e a d   a n   i n i t i a l   v e l o c i t y   s u f f i c i e n t   t o   c a r r y  it seve ra l  times mound 
t h e   c i r c l e .  Each time t h e  bead   t r ave r ses   t he   c i r c l e ,  cp will be  counted as 
having  increased by a. This,  of course,  corresponds t o  one complete  tumble 
of t h e  body. It i s  c l ea r   t ha t ,   because   F ( t )   i nc reases   con t inua l ly ,  more and 
more  of t h e   t o t a l  energy w i l l  be i n   t h e  form  of potent ia l   energy  each t i m e  t h e  
bead  nears   the  top of the   c i rc le .   Eventua l ly ,   therefore ,   the   bead  w i l l  not 
have   suf f ic ien t   k ine t ic   energy   to   car ry  it over t h e   t o p .  A t  t h i s   p o i n t ,  it 
w i l l  r e v e r s e   d i r e c t i o n ,   s l i d e  down p a s t   t h e  low  point,  and  proceed t o   o s c i l -  
l a t e  about   the low point.  Again,  because  the  amplitude of t h e   r e s t o r i n g  
torque grows inde f in i t e ly   w i th  t i m e ,  the   ampli tude of o s c i l l a t i o n  will dimin- 
i s h  and the  frequency w i l l  increase  with  t ime.  The f i n a l   v a l u e  of Cp w i l l  be 
a mul t ip le  of  2n. This  behavior is i l l u s t r a t e d  as curve A in   ske t ch   ( e )  f o r  
a case where t h e  bead  has  tumbled  twice. 
Note i n   t h e   s k e t c h   t h a t  once  tumbling i s  
a r res ted ,   the   bead ' s   ampl i tude  of o s c i l -  
lat ion  about  2m  cannot  exceed rc .l 
For a range of success ive ly   smal le r   in i -  
t i a l  ve loc i t i e s ,   t he   behav io r  of Cp(t) 
w i l l  be   qua l i t a t ive ly  similar t o  t h a t  
just descr ibed,   the   tumbling  in   each 
case  being  arrested when Cp i s  between 
(2n - 1)n and  (2n + 1)rc and the   subse-  
quent  oscil lation  being  about 2m. 
Eventually, however , as t h e   i n i t i a l  
ve loc i ty  i s  successively  reduced, a Sketch ( c )  
s p e c i f i c   i n i t i a l   v e l o c i t y  w i l l  be 
reached for which the   k ine t ic   energy  
nea r   t he   t op  of t h e   c i r c l e   ( i . e . ,  cp = (2n - 1 ) n )  i s  just s u f f i c i e n t   t o   e n a b l e  
t h e  bead t o   r e a c h   t h e   t o p  and come t o  rest t h e r e .  As  t h e   t o p  i s  a pos i t i on  
of   unstable   equi l ibr ium,  the  bead  cannot   osci l la te   about   that   posi t ion,   but  
must approach it uniformly  from  below.  This i s  shown as curve B on 
sketch ( c )  . For a s l i g h t l y   s m a l l e r   i n i t i a l   v e l o c i t y ,   t h e  bead w i l l  not 

9 

I 

l1t w i l l  be observed  that   th is   descr ipt ion  of   the  asrest   of   tumbling  does 
no t   en t a i l   t he   p re sence  of  aerodynamic damping. This   contradicts  a result 
p re sen ted   i n   r e f e rence  8, i n  which the   cause   o f   the  arrest of tumbling i s  
a t t r i b u t e d   t o  a dissipation  of  rotational  energy  through  aerodynamic damping. 
The author  of  reference 8 is  l e d   t o   t h i s   c o n c l u s i o n  by the  erroneous assump- 
t i o n   t h a t   t h e   n e t  change  of potential   energy  over  one  complete  revolution i s  
small enough t 0 be  neglected. 
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surmount the  top  and,  hence,  must osc i l la te   about   the   next   smal le r   mul t ip le  
of ~J I  (i .e. ,  (2n - 2)n) .   This  i s  shown as curve C on sketch  (c) .   Again,  
t h e r e  will be a range  of  successively smaller i n i t i a l   v e l o c i t i e s   f o r  which 
the  bead will osc i l la te   about   (2n  - 2)n ,   eventua l ly   t e rmina t ing   wi th   an   in i -  
t i a l  v e l o c i t y   t h a t   b r i n g s   t h e   b e a d   t o  rest ,  wi thout   osc i l la t ing ,  at (2n - 3)n 
(curve D )  . 

To summarize t h i s   d i s c u s s i o n  as it appl ies  now t o   t h e  body,  one  observes 
t h a t   f o r  any i n i t i a l   a n g l e  of   a t tack  ai t h e r e  w i l l  be a range of values  of 
i n i t i a l   a n g u l a r   v e l o c i t y  &i t h a t  w i l l  cause g. e v e n t u a l l y   t o   o s c i l l a t e  
about a given  value of 2m.  This   range of i n i t i a l   a n g u l a r   v e l o c i t i e s  i s  
bounded by t h e  two s p e c i f i c  angular v e l o c i t i e s  which, f o r   t h e  same ai, cause 
a t o  come t o  rest wi thout   osc i l la t ing  at (2n + ,1)n and  (2n - 1)~. The la t ter  
cases ,  where t h e  body comes t o   r e s t   i n  a pos i t i on  of unstable   equi l ibr ium,  are  
somewhat u n r e a l i s t i c   i n   p r a c t i c e .  They can  be  important   in   analysis ,  however, 
as they   s e rve   t o   de f ine   t he   mu l t ip l e   o f  2n about  which CL eventual ly  
o s c i l l a t e s .  

Proper t ies  of the  Transcendent 

Although it i s  poss ib le   to   ob ta in   approximate   ana ly t ica l   representa t ions  
of t h e  motions  just   described  (cf.  ref .  2) ,   these   so lu t ions   cannot  be  extended 
far enough t o  cover a l l  c a s e s   o f   i n t e r e s t .   I n   p a r t i c u l a r ,   t h e y   b e g i n   t o  f a i l  
as they  approach  the  condition for which t h e  body t ends   t o   dwe l l   nea r  a pos i -  
t ion  of   unstable   equi l ibr ium. On the   o the r  hand, it i s  not   useful   merely  to  
present  a catalog of numerical   solut ions  for   the  Painlevk  t ranscendent ,  as a 
separa te   so lu t ion  would be  necessary  for   each  pair  of i n i t i a l   c o n d i t i o n s  and 
t h i s  would r equ i r e  a p roh ib i t i ve  number of so lu t ions .   Al te rna t ive ly ,   ana lys i s  
can   po in t   . the  way t o   o b t a i n  a l imi t ed  number of   general ized  numerical   resul ts  
from  which most of the   p roper t ies   o f   in te res t   can   be   der ived .   This  w i l l  be 
the   ob jec t ive  of t he   p re sen t   s ec t ion .  

Def in i t ion  of parameters. - Consider  equation (ll), and t o  b r i n g   i n  
ev idence   t ha t   fo r   t he   o sc i l l a to ry   so lu t ion ,  CL --f 2m as x 3 w, l e t  

a = 2m - 2E (16) 

where  n i s  an   in teger ,   denot ing   the  number of  tumbles  completed  over  the 
range  of  tumbling. A s  ind ica ted   in   the   p receding   d i scuss ion ,  i f  i t s  value i s  
requi red ,  it must be  determined  f rom  the  nonosci l la tory  solut ion  (cf .  ref .  2 ) .  
In   t he   p re sen t   s tudy ,  however, it w i l l  not be necessary t o  know the  cumulative 
value of a,  but  only i t s  v a l u e   r e l a t i v e   t o   t h e   P i n a l   e q u i l i b r i u m   p o s i t i o n  
2m . Hence,  n  need  not 
a for   designat ing  angle  
a c t u a l l y  mean a - a n ,  or 
terms  of E becomes 

be  determined. It i s  convenient t o   r e t a i n   t h e  symbol 
of   a t tack,   but   in   doing so, henceforth we s h a l l  
in te rchangeably ,   -2~ .   The   equat ion  of  motion i n  

E" + - + s i n  E cos E = 0 E '  
X (17) 
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where now E + 0 as x -, m. Consider a 
sequence of solut ions  of   equat ion (17) 
i n  which t h e  i n i t i a l  v e l o c i t y  €' ( IC)  i s  
held  constant  and E ( IC) is allowed t o  - lr/2 
vary. A typical   sequence i s  shown on 
sketch (a).  Observe t h a t  fo r  the   g iven  
€ ' ( IC) ,  t h e r e  i s  a unique  value  of E ( K )  
wi th in   an   in te rva l   o f  II t h a t  w i l l  
bring  the  motion t o  rest wi thout   osc i l -  
l a t i n g  at E = - ~ / 2  (corresponding  in  
a t o  an odd mul t ip le  of II ) . This E 

motion i s  shown as curve A in   sketch  (d) ,  
and i t s  i n i t i a l   v a l u e  w i l l  be   ca l led   the ,  
c r i t i c a l   a n g l e ,  E ~ ( I c ) .  It should  be ' 

c lea r   t ha t   t he   cu rve   l abe l l ed  B i s  iden-  
t i c a l   t o   c u r v e  A and  descr ibes   the same 
event, as do any  two curves  in  E whose c c + r Y  
i n i t i a l   v e l o c i t i e s  € ' ( I C )  a r e   t h e  same X Z K  

and whose i n i t i a l   v a l u e s   a r e   s e p a r a t e d  
by a mult iple  of 71. A s  i s  evident  from Sketch (d) 
the   ske tch ,  a l l  poss ib le   so lu t ions   for  a 
given € ' ( I C )  are   included  within  and 
bounfied by the   nonosc i l l a to ry   so lu t ions  shown as curves A and B. Now i n  most 
app l i ca t ions ,   t he   ques t ions   o f   g rea t e s t   i n t e re s t  w i l l  be: When does  tumbling 
e f f e c t i v e l y   s t o p  and what i s  the   na tu re  of the  subsequent   osci l la t ion?  Both 
questions  can  be  answered by def ining  condi t ions a t  t h e  f i r s t  peak  of t h e  
osci l la tory  motion.2 As s h o h  on sketch ( a ) ,  a locus of such  points  can  be 
drawn which t h e n   i n t e r s e c t s   t h e  f i r s t  and l a r g e s t  peak  of  every  one  of t h e  
oscillatory  motions.  For  any € ( I C )  between  and + IT, l e t  cP be t h e  
value  of E a t   t h e  first peak  and x ( E ~ )  be the   va lue  of  x a t   t h e  f i r s t  
peak.  Functionally,  cp  and a r e  dependent on t h e   i n i t i a l   c o n d i t i o n s ;  
t h a t  i s ,  

0 

7T/ 2 

E C  

.Ep = Ep(dK),ICE'(d,IC) 

4 E p )  = X ( E ( K )  ,ICE' (IC) ,IC 1 I (18) 

For  entry  from  without  the  atmosphere, f o r  which IC + 0, it can  be shown t h a t  
t he   func t iona l   r e l a t ionsh ips  (18) no  longer  depend  on IC. Further ,  it w i l l  be 
found  convenient t o  show t h e  dependence on € ( I C )  as a dependence  on  an inc re -  
ment i n  € ( I C ) ,  t h e   d i f f e r e n c e  between € ( I C )  and t h e   c r i t i c a l   a n g l e  E ~ .  Thus, 
l e t  

A E ~  = E ( K )  - E C  (1-9) 
For  entry  from  without  the  atmosphere,  then 

0 

90 be  precise ,   tumbling  actual ly   s tops earlier than  at t h e  f irst  peak, 
namely, at the  value  of  x f o r  which E ' ~ ( X )  = cos2 E ( c f .   r e f .  2 ) .  However, 
t he   d i f f e rence  between t h e  two coordinates   general ly  i s  not   great   and  the 
loca t ion   of   the  f i r s t  peak i s  a phys ica l ly  more tangible   parameter   to   charac-  
t e r i ze  t h e  end  of  tumbling. 
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s ince  
tC€'(lC) = -& /S 

Note tha t   t hese   func t iona l   r e l a t ionsh ips  are independent of a l l  body param- 
e t e r s .  They ind ica t e   t he   ex i s t ence   o f   s ing le   so lu t ions   app l i cab le   t o  a l l  
cases.  Thus, it i s  p r a c t i c a l   t o   e v a l u a t e  them  numerically  once  and  for a l l .  
T h i s  has  been  done  and t h e  results a re   p re sen ted  on f i g u r e s  1 and 2. I n  an 
en t ry  from without  the  atmosphere, a l l  values  of AEi are   equal ly   probable;  
however, t he   va lues  of primary  concern  are  those  which  lead t o  t h e   l a r g e s t  
f i r s t  peaks of osc i l la t ion ,   for   the   subsequent   osc i l la t ion   ampl i tudes  w i l l  

18 2c 

Figure 1.- Values of E at t h e  first peak of oscillation as a function of i n i t i a l   a n g u l a r  
v e l o c i t y .  
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then be largest   through  the  high  heating  and  loading  portions of t h e   t r a j e c -  
tory.   Reference  to   sketch (a) w i l l  show t h a t   t h e   l a r g e s t  f irst  peaks  occur 
when AEi i s  near  zero  and  again  near n ,  and  values  of  and  for 
these  ranges of A€i have  been p a r t i c u l a r l y   s t r e s s e d   i n   f i g u r e s  1 and 2. It 
w i l l  be  seen  also on sketch (d) that  t h e r e   e x i s t  two so lu t ions   o f   spec ia l   s ig-  
nif icance.  One of these   g ives   the  minimum possible   value of x f o r  which t h e  
f i rs t  peak  can  occur. It i s  denoted by  xPmin ' and E (xpmin) on f igu res  1 and 
2.  The second  spec ia l   so lu t ion   leads   to   the   smal les t   poss ib le 'va lue   o f  E at 
the  f i r s t  peak. It i s  denoted by  epmin and x(cPmin) on f igu res  1 and 2. The 
la t ter  so lu t ion  i s  par t icu lar ly   impor tan t   s ince ,  as w i l l  be shown, it may be 
used t o   e s t a b l i s h  a lower bound for  the  envelope  of  oscil latory  motion.  That 
t h i s  minimum angle   of   a t tack a t  t h e  f i r s t  peak  of o s c i l l a t o r y  motion must be 
d i f f e ren t  from zero w i l l  be  evident when it i s  r e c a l l e d   t h a t  a l l  of t h e   r o t a -  
t i o n a l  energy  of t h e  body must show  up as potent ia l   energy due t o   a n g l e  of 
a t t a c k  when t h e  body p i t c h   r a t e  i s  zero. 

Asymptot ic   so lu t ion   for   zero   in i t ia l   p i tch  rate.  - With t h e  magnitude  and 
coordinate of t h e  f i r s t  peak  of o s c i l l a t o r y  motion  defined, it i s  now poss ib le  
t o   t r e a t   t h e   o s c i l l a t o r y  motion r e l a t ive ly   s imp ly .   In   e f f ec t ,   t he   p rob lem  has  



been  reduced t o   t h e   c a s e  of a nontumbling body which  begins i t s  o s c i l l a t o r y  
motion a t  X(EP)  , a pa r t i cu la r   va lue   o f   x ,   w i th   t he   i n i t i a l   cond i t ions  
E i  = eP, E i '  = 0. Let f = t a n  E .  Equation (1.7) becomes 

f"  - 2ff  l 2  f' + - + f = O  
1 + f 2  x 

Noting the  resemblance  of  equation (21) t o   t h e   e q u a t i o n   f o r  the  Bessel  func- 
t i o n  of  zero  order, one may cast   equat ion  (21)   in   the  form of   an  integral  
equation  involving  the  Bessel  function by means of t h e  method of v a r i a t i o n  of 
parameters. Thus , 

( 2 2 )  

with 

2f   (x)f  'yx) 
1 + f2(x) 

z(x)  = 

a = - JI - x ( E ~ ) Y ~ ( x ( E ~ ) )  t a n  E~ 2 

b = 2 x(  cp)J,(x( E ~ ) )  t a n  eP JI J 
The in tegra l   in   equa t ion   (22)   can   be  shown t o  diminish faster t h a n  x-'' ' as 
x +. 03, and  hence the  asymptotic  behavior  of  f(x) i s  f ( x )  Zo(x) . Values 
of x i n   t h e   p o r t i o n  of t he   t r a j ec to ry   o f   p r imary   i n t e re s t ,  where  aerody- 
namic loads  and  heating become - s i g n i f i c a n t ,   a r e   s u f f i c i e n t l y   l a r g e   t h a t   t h e  
asymptotic  behavior  of  Zo(x) may be  used.  Then, f o r   l a r g e  x 

- 

where 
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The envelope  of   osci l la t ion i s  given by 

Since for small values  of E ~ ,  a + a, b + b, it i s  convenient t o  normalize 
equation  (25) as follows : 

- - 

Let 

= P a  a2 + +752 b2 
where 

and 

where 

Then equat ion  (26)   takes   the  s imple form 

C t a n  eP 

Equation  (28) i s  the  correct .   asymptot ic   expression for the  envelope  curve of 
t a n  E in   t e rms  of the  parameter G .  Unfortunately,  G cannot  be  evaluated 
ana ly t i ca l ly   bu t   s ince  it i s  dependent  upon  only  two  parameters, eP and x( E ~ ) ,  
it i s  p r a c t i c a l   t o   e v a l u a t e  it numerically  for a wide  enough range t o   s u f f i c e  
for a l l  conditions  of  interest .   This  has  been done  and t h e   r e s u l t s  are pre-  
s e n t e d   i n   f i g u r e  3.3 For convenience,  the  parameter C has  also  been  evalu- 
a t ed  and t h e   r e s u l t s   a r e   p r e s e n t e d   i n   f i g u r e  4. With G determined,  equation 
(28) i s  a very  general   expression  for   the  body's   envelope  of   osci l la tory . 

motion.  Observe t h a t  it i s  independent  of a l l  body parameters. It i s  spe- 
c i a l i z e d   t o  a pa r t i cu la r   ca se  by r e l a t i n g  x t o  some phys ica l ly   s ign i f i can t  
parameter  such as a l t i t u d e ,   f r a c t i o n  of maximum dynamic pressure,  or f r a c t i o n  
of maximum aerodynamic  heating. Examples  of t hese   r e l a t ionsh ips  w i l l  be  given 
i n   t h e   n e x t   s e c t i o n .  

3The or igins   of   the   curves  for = 10 and  x(  cP) = 20 have  been 
d i s p l a c e d   f o r   c l a r i t y .  
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Figure  3 . -  Var ia t ion  of the  parameter  G with cP fo r  seve ra l   va lues  of 

Final ly ,   consider   the  case -+ 0, which  corresponds t o   t h e  
nontwnbling  entry of a body from  without  the  atmosphere.  Inspection of t h e  
r e s u l t s  of f i g u r e  3 shows G t o  be  independent of x(  gP) f o r  values of X ( E P )  
approaching  zero.  Further, C (eqs. (27) ) i s  also  independent of x( E ~ )  f o r  
small a s  may be shown  when the   Besse l   func t ions   i n  C m e   r e p l a c e d  
with  their   ln i t ia l   behavior   approximations.   Thus,  

(29) 

With these   r e su l t s ,   equa t ion  (28) may be   fur ther   s impl i f ied  f o r  t he   ca se  of a 
nontumbling  entry from without  the  atmosphere. The envelope of o s c i l l a t o r y  
motion i s  given by 
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( t a n  E>env = G ( E p )  t a n  EP (30) 

It i s  of p a r t i c u l a r   i n t e r e s t   t o   n o t e   t h e  
genera l   na ture   o f   the   so lu t ion   of fe red  4 
i n   equa t ion  (30). The so lu t ion   wr i t t en  
as a funct ion  of   the  coordinate  x i s  
independent of a l l  body parameters, 3 
plane tary   p roper t ies ,   and   in i t ia l   condi -  
t i ons   excep t   i n i t i a l   ang le  of a t t ack .  C 

2 

Useful  Relations 

I 

Within  the  assumptions of t h i s  
ana lys i s  ( V  = = y i ) ,  t h e  dynamic 
pressure   var ies  as 

0 

S/Si = e 
PVi s i n  y i t  

Hence,  from  equations (10) 

4 

‘igure 4 . -  Var ia t ion  of the  parameter  C 
with x( E ~ ) .  

so that   the   envelope  expression  (eq.  (28))  may be  rewri t ten 

It w i l l  be  noted t h a t  t h i s  form i s  i n  agreement  with  the  asymptotic  form  (for 
neg l ig ib l e  aerodynamic damping) previously  der ived  in   reference 5 f o r   t h e  
case of small i n i t i a l  a. The l a t t e r   d e r i v a t i o n  i s  not  dependent on assump- 
t ions   concern ing   the   var ia t ions  of e i t h e r   f l i g h t - p a t h   a n g l e   o r   f l i g h t   v e l o c -  
i t y .  Hence, equation (33) can  be  extended,  and  the  restrictions  underlying 
i t s  development  circumvented,  by  the  simple  expedient  of  us-ing a more p rec i se  
expression  for  q/qi in   p lace   o f   equa t ion  (31).  The r e s u l t s  of   reference 9 
a r e   p a r t i c u l a r l y   u s e f u l   i n   t h i s   r e g a r d  as they  permit one t o  write t h i s   r a t i o  
i n  a v a r i e t y  of  forms involving  physical ly   s ignif icant   parameters .  

Envelope of o s c i l l a t i o n   i n   t e r m s  of a l t i t u d e .  - From re ference  9 

so t h a t  

I 

‘\ 
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Subs t i tu t ing   equat ion  (35) i n  (33) gives  

where 

It should  be  kept  in mind in   using  equat ion (36) t h a t  x has  been  assumed t o  
b e   s u f f i c i e n t l y   l a r g e   t h a t   t h e   s o l u t i o n  i s  indeed  described by i t s  asymptotic 
form.  Thus, t h e r e  i s  implied  an  upper bound on y  which w i l l  exclude  values 
of  y l a r g e  enough t o  cause  ( tan  E)env/tan cp t o  exceed or approach  unity. 

Envelope  of   osci l la t ion  in  terms of dynamic pressure .  - From reference  9 
t h e  m a x i m u m  dynamic pressure  i s  

Writing q/qi as 

and  subst i tut ing  equat ions (37) and ( 3 8 )  i n  (33) gives  

Envelope  of o s c i l l a t i o n   i n  terms of  aerodynamic  heating.- The r e s u l t s  of 
re ference  9 provide   the   fo l lowing   express ion   for   f rac t ion  of maximum 
s tagnat ion-point  

where 

heat ing rat e 

& = Y  -Y1 

y1 = a l t i t u d e  for maximum h e a t i n g   r a t e  1 



Equation ( 4 0 )  cannot  be  inverted t o  s o l v e   f o r  by, so t h a t  a graphica l   so lu-  
t i o n  is  necessary.   This i s  presented i n  re ference  9. Subst i tut ing  equa-  
t i o n s  ( 41) i n  ( 3 6 )  gives 

(42) 
where p fly c a n   b e   r e l a t e d   t o  f i ~ / ( f i s ) ~ ~  th rough  the   g raphica l   so lu t ion  
provided   in   re fe rence  9. 

APPLICATIONS 

As i l l u s t r a t i o n  of t he i r   u se ,   t he   p reced ing   r e su l t s  w i l l  be   appl ied   in  
two different   connect ions;  f irst ,  as an   a id   in   the   des ign   of   vehic les   in tended  
for   use as planetary  probes  and,  second, as an  adjunct t o   t h e   r e s e a r c h   i n t o  
t h e   o r i g i n   o f   t e k t i t e s .  As  a pre l iminary   to   bo th   appl ica t ions ,  however, a 
method w i l l  be   p resented   tha t  w i l l  be  of  general   use  in  placing  reasonable 
bounds on the   osc i l la t ion   envelopes   o f   in i t ia l ly   tumbl ing   bodies .  

Bounds  on Oscil lation  Envelopes 

A body  making an   uncont ro l led   en t ry   in to  a planetary  atmosphere 
genera l ly  w i l l  be  tumbling at an   e s sen t i a l ly   cons t an t   r a t e   p r io r  t o  enter ing 
the  sensible  atmosphere.   Because of the  tumbling  motion,  generally it w i l l  
not  be  possible to   spec i fy   t he   ang le   o f   a t t ack  at t h e   p r e c i s e  moment aerody- 
namic effects   begin  to   inf luence  the  motion.   Therefore ,   an  uncertainty  in   the 
angle-of   -a t tack  his tory  within  the  a tmosphere w i l l  necessar i ly   p reva i l .  How- 
ever,  it i s  poss ib l e   t o   r e l a t e   t he   pa rame te r s   desc r ib ing   t he  body and i t s  
t r a j e c t o r y   t o   t h e   p r o b a b i l i t y   t h a t   t h e  body w i l l  eventually  undergo  oscil la- 
t i o n s  bounded by specif ied  envelopes.   Thus,   the   uncertainty  in   the  angle-of-  
a t tack  envelope  his tory  within a given  atmosphere is bounded  below by a 
minimum p o s s i b l e   f o r  a g iven   i n i t i a l   t umbl ing   r a t e   and  above by a maximum f o r  
which the   p robabi l i ty   o f   exceeding   the  maximum can  be  specified.  

Consider f irst  t h e  lower bound.  The resul ts   g iving  envelopes of 
o s c i l l a t i o n   i n  terms of  aerodynamic  heating  and dynamic pressure may be  put 
i n t o  a par t icular ly   convenient   form.   Firs t ,  l e t  

Then, wi th   the   use  of equations (39) and   (42) ,   the   va lues   o f   the  minimum 
sible   envelopes  evaluated at, respec t ive ly ,  maximum dynamic pressure  and 
maximum heat ing may be given  the  form 

(43) 

pos - 
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Note t h a t ,   a s i d e  from the  parameter B, equations (44) contain terms involving 
only  the  ini t ia l   tumbling-rate   parameter   2&i/s .   Thus,  i f  values  of B a r e  
chosen  for a wide  enough range t o  cover a l l  cases of i n t e r e s t ,   t h e s e   r e l a t i o n s  
may be evaluated once  and f o r  a l l .  The r e s u l t s   a r e   p r e s e n t e d  on f igu re  5. 
Now, it i s  fu r the r   no ted   t ha t   t he   fo l lowing   r e l a t ions   ho ld  

( t a n  c1mi.n env - - 

( t a n  E)min  env 1, x heat 

and that   these  expressions  are   independent  of a l l  p a r a m e t e r s   r e l a t i n g   t o   t h e  
b o w .  These  functions are p resen ted   g raph ica l ly   i n   f i gu re  6. The minimum 
possible   envelope  of   osci l la t ion  in   terms  of   f ract ion of m a x i m u m  dynamic 
pressure or f r ac t ion   o f  maximum heating  can  be computed from  the  graphs  of 
f i gu res  5 and 6. A r e l a t i o n s h i p  between t h e  minimum envelopes  and  envelopes 
having a specified  probabili ty  of  being  exceeded w i l l  now be  established. 

A study  of  sketch ( d ) ,  f o r  a g iven   in i t ia l   tumbl ing   ra te ,   sugges ts   the  
possibi l i ty   that   the   asymptot ic   behavior   of   the   envelopes of o s c i l l a t o r y  
motion f o r  two d i f f e r e n t   i n i t i a l   a n g l e s  of a t t a c k  might be iden t i ca l .  
Inspection  of  equation (28) r e v e a l s   t h a t   t h i s  w i l l  indeed be the   ca se  i f  t h e  
term CG t a n  cp i s  t h e  same f o r  two d i f f e r e n t   i n i t i a l  angles of a t t ack .  Now 
it i s  no ted   t ha t   t h i s   p roduc t  i s  a function  only  of Act f o r  a given tum- 
b l i n g   r a t e  and tha t   for   each   va lue  it takes  on f o r  A E i  near  zero  there i s  a 
corresponding A€< near r~ for which it has t h e  same value.  Values of AEi 
near  zero  correspond  physically t o   t h e  body be ing   or ien ted   in   an   a t t i tude  
s l i g h t l y  less i n c l i n e d   t o   t h e   s t r e a m   t h a n   t h e   c r i t i c a l   a t t i t u d e  and  values  of 
A c t  near fi correspond t o   t h e  body being a t  a s l i g h t l y   g r e a t e r   i n c l i n a t i o n  x ,y 
t h a n   f o r   t h e   c r i t i c a l ;   a n   a p p r o p r i a t e   i n t e r p r e t a t i o n   o f   t h e s e   v a l u e s   g i v e s  
the  probabili ty  of  exceeding a particular  envelope.  Thus,   suppose  that  a 
pa r t i cu la r   va lue  of CG t a n  cP i s  chosen  and t h a t   t h i s  same value results 
from  both A € i  = 1.5' and A€i = 179.5'. For values of &i between 0' and 
1 . 5 O ,  or between 179.5' and 180°, the  subsequent  envelopes  of  oscil lation 
will exceed  those  for a l l  A € i  between 1.5' and 179.5'. Then t h e r e  i s  a 
2.0°  range  of A€? out  of a poss ib le  1800 range, or a probabi l i ty  of  1/90 
tha t   t he   enve lope   fo r   t he  chosen  value  of CG t a n  w i l l  be  exceeded. 
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Figure 5 . -  Minimum possible  envelope  values  of  tan E at maximum heating  and maximum dynamic 
pressure  as func t ions  of i n i t i a l   a n g u l a r   v e l o c i t y  for severa l   va lues  of the  parameter B. 
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Figure 6 . -  Relationship  between minimum possible   envelope  values  of t a n  E and   f r ac t ion  
of maximum heat ing  and maximum dynamic pressure .  

The r e l a t i o n s h i p  between  an  envelope of osc i l la t ion   having  a spec i f i ed  
proQabil i ty  of being  exceeded  and  the minimum possible  envelope i s  independ- 
ent of t h e   c h a r a c t e r i s t i c s  of t h e  body. One observes   th i s  by forming  the 
fol lowing  ra t io ,   us ing  equat ion (28) 

and   no t ing   tha t   the   r igh t   s ide  i s  dependent  only upon the   tumbl ing   ra te  
parameter  2&i/s.   This  relationship  has  been  evaluated for seve ra l   p robab i l i -  
t i e s  and t h e   r e s u l t s   a r e   p r e s e n t e d  on f i g u r e  7. Application of t h e   r e s u l t s  of 
f i gu res  5, 6, and 7 t o  make est imates  of t h e  upper  and  lower  bounds t o  t h e  
envelope  of   osci l la t ion i s  i l l u s t r a t e d   i n   t h e   f o l l o w i n g   s e c t i o n .  
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Figure 7 . -  Relat ionship  between  envelope  values   of   tan E having a spec i f i ed   p robab i l i t y  of 
being  exceeded  and  values  of  tan E for  t h e  minimum possible  envelope as a func t ion  of 
i n i t i a l  a n g u l a r  ve loc i ty .  

Motions  of  Planetary  Probe  Vehicles 

TO i l l u s t r a t e   t h e   u s e  of t h e   r e s u l t s  and to   a s ses s   t he i r   accu racy ,  a 
sample  calculation w i l l  be made and  compared w i t h   r e s u l t s   i n  which no approxi- 
mations  were made e i the r   t o   t he   equa t ions   o f  motion or  t o   t h e  aerodynamic 
forces  and moments.  The comparison w i l l  be made w i t h   t h e   r e s u l t s  of r e f e r -  
ence 1 f o r  a vehic le  making a tumbling  entry  into  the  martian  atmosphere.  

Calculation of  parameters. - The vehic le   s tud ied   in   re fe rence  1 had t h e  
fol lowing  physical   propert ies :  

A = 8.296 f t 2  

I = 5.6 l b - f t  -see2 

2 = 3.25 f t  

m = 6.685 lb-sec2/f t  

CD = 0.650 

c%X 
= -0.162 

where Cm- w a s  evaluated s o  t h a t   t h e  area under a ha l f -cyc le  of the  approx- 
imating  sme  function  curve  equalled  that   under  the  actual  pitching-moment 
va r i a t ion .  The martian  atmosphere  and  the  entry  conditions  were  given as 



l e a d i n g   t o  

p = 2.15xlo-5/ft 

Vi = 21,042 f t / s e c  

7 i  = 41.5' 
Qi = 0.2094  radian/sec 

Figure  8.-  Envelopes of osc i l l a to ry   mo t ion  
as a func t ion  of f r a c t i o n  of maximum hea t  - 
ing  rate for a Mars e n t r y ;   i n i t i a l   a n g u l a r  
ve loc i ty  = ~ O / s e c .  

Determination of angle  -of -a t tack 
envelopes. - The minimum possible  enve- 
lope  of   osci l la tory  motion  in  terms of 
aerodynamic  heating ra te ,  subsequent t o  
t h e   a r r e s t  of  tumbling, i s  determined 
in   t he   fo l lowing  way : Enter   f igure 5 
with  the  given  values  of ~ C L ~ / S  and B 
t o   o b t a i n   [ ( t a n  E)min envlmx  heat '  
Use t h i s   v a l u e   i n   c o n j u n c t i o n   w i t h   f i g -  
ure 6 t o   c o n s t r u c t  a graph  of  (a)min  env 
versus  Hs/HSmx. Resul t s  of t h i s   c a l -  
cu la t ion   a re   p resented  on f i g u r e  8 and 
t h e   e x a c t   r e s u l t s  are shown f o r  compar- 
ison.  One obtains  the  envelope  having 
a p robab i l i t y  of 2.751360  of  being 
exceeded  by  entering  figure 7 wi th   t he  
given  values of 2dLi/~  and probabi l i ty ;  
t h i s   g i v e s   t h e   r a t i o  of the  envelope 

. .  

values  of  the  upper  and  lower bounds  of t a n  E .  The upper bound envelope i s  
constructed  from  the  product of t h i s   r a t i o  and   the  already obtained minimum 
envelope.   Resul ts   of   this   calculat ion are a l s o  shown on f i g u r e  8 and compared 
wi th   t he   exac t   r e su l t s .  It i s  noted  that   the  agreement between the   exac t  
r e s u l t  and t h a t  of the   p resent   theory  i s  wi th in  10 percent  throughout. 

Motions  of Tek t i t e s  

Origin of t e k t i t e s .  - From the   exhaus t ive   s tud ies  of t h e   n a t u r e   o f   t h e  
curious  glass   objects  known as t e k t i t e s  (see ref.  4 for   an   ex tens ive   b ib l iog-  
raphy),  it has  been known f o r  a long time t h a t   t h e   t e k t i t e s   e x p e r i e n c e d  two 
separate   per iods  of   intense  heat ing.   During  the f i r s t ,  heating was s u f f i -  
c i e n t l y   i n t e n s e   t o  melt the  objects   completely,   whereas   in   the  second,   heat ing 
was s u f f i c i e n t   o n l y   t o  melt t h e   t h i n  surface l aye r s  of otherwise  sol id   objects .  
Af t e r   t he   ex t ens ive   i nves t iga t ions  of Chapman and  his  colleagues (refs. 4 and 
lo), i n  which t h e  ring-wave  markings  and  coiled  f langes  that  are  such   d i s t i nc -  
t i v e  features of t h e   A u s t r a l i a n   t e k t i t e s  were r ep roduced   w i th   f i de l i t y   i n  
wind-tunnel  experiments,  there  can  be l i t t l e  doubt t h a t   t h e  second  period  of 
melting  occurred as t h e  result of a hyperveloci ty   passage  through  the  Earth 's  

24 



atmosphere.  Further,  from a minute  study  of  the striae lying  beneath  the 
t e k t i t e s '   s u r f a c e s ,  combined w i t h   t h e   o b s e r v e d   f i n a l   t e k t i t e  geometry, t h e  
authors of references 4 and 10 have  been a b l e   t o  deduce the  probable  speed  and 
f l igh t -pa th   angle   o f   these   ob jec ts  as they  entered  the  atmosphere,  and  they 
have  concluded tha t   t he   en t ry   cond i t ions  deduced  were  compatible  with  those 
fo r   ob jec t s  whose o r i g i n  was t h e  Moon. If th is   conc lus ion  i s  accepted as cor-  
rect ,   the   fol lowing  sequence  of   events  may be  hypothesized: The Moon i s  
s t ruck  by a meteor, t he   l una r   su r f ace  a t  t he   po in t  of  impact i s  vaporized  and 
streams  of  molten  lunar  surface material a re   e j ec t ed  outward  from t h e   c r a t e r  
at very  great   veloci ty ,  at such  great  velocity  indeed  that   the  molten material 
has   su f f i c i en t   k ine t i c   ene rgy   t o   e scape   t he   g rav i t a t iona l   f i e ld  of t h e  Moon. 
Subsequently, some of t he   l una r   ma te r i a l   t r ave r ses  a pa th   in   space   tha t   b r ings  
it within a corr idor   permit t ing  capture  by t h e   E a r t h ' s   g r a v i t a t i o n a l   f i e l d .  
Sometime a f t e r  i t s  e j e c t i o n  from t h e  Moon, the   s t ream of  molten material 
breaks  into  segments  which  tend t o   c o n t r a c t   i n t o   c h a r a c t e r i s t i c   s h a p e s  by t h e  
a c t i o n  of surface  tension,  congeal,   and  solidify as they   lose   the i r   hea t  by 
r ad ia t ion .  The tek t i tes   then   en ter   the   Ear th ' s   a tmosphere  as sol id   bodies ,  
and,  during  their  passage  through  the  atmosphere,  acquire by ablat ive  mel t ing 
t h e   c h a r a c t e r i s t i c   r i n g  waves and  f langes  that  so  d is t inguish  them when they 
a r e  found on t h e  E a r t h ' s  surface.  

Now, i f  t h i s  sequence  did  actual ly   or iginate   with a c o l l i s i o n ,  it seems 
probable   that  a t  l e a s t  a por t ion  of the  lunar  material   should  have  acquired a 
c e r t a i n  amount of  angular momentum. The molten  objects  then would have  found 
themselves  turning  while  in  space  and would have  sought t o  assume t h e   s t a b l e  
f igures   consis tent  w i t h  t h e i r   t u r n i n g   r a t e s .  They  would have  been  turning, 
or tumbling,  also as they  entered  the  Earth 's   atmosphere,   but a t  l e a s t   t h e  
A u s t r a l i a n   t e k t i t e s  w i t h  few exceptions  could  not - have  been either  tumbling 
or o s c i l l a t i n g  w i t h  large  amplitude  during  the  period of grea tes t   hea t ing  or 
t h e   p a t t e r n s   c h a r a c t e r i s t i c  of a b l a t i o n  on bodies w i t h  f i xed   o r i en ta t ion  
would not  be  present on t h e  many existing  specimens.   Therefore,   their  tum- 
bling  motion  had t o  have  been arrested  and  their   subsequent   osci l la tory  motion 
reduced t o   q u i t e  small ampli tudes  before   their   per iod of greatest   heating,  and 
it i s  the  consequences  of this   requirement   that   can be s tudied  by means of t h e  
present   analysis .  

F igures   o f   equi l ibr ium.-   In   o rder   to   apply   the   resu l t s  of the  preceding 
sec t ions ,  a value of i n i t i a l   a n g u l a r   v e l o c i t y  must be  assigned t o   t h e  body. 
Fur ther ,   the  body shape  should  be  chosen t o  be  compatible  with  the  assigned 
value of   angular   veloci ty ,   for ,  as mentioned  above, t h e  body i n  i t s  molten 
s t a t e  w i l l  t e n d   t o  assume a f igure  consis tent   with i t s  tu rn ing   r a t e .  Let it 
be  assumed f irst  t h a t   t h e   v i s c o s i t y  of t h e  body i n  i t s  molten s t a t e  i s  s u f f i -  
c i e n t l y  low t o  permi t   the   s tab le   f igure   to   be   a t ta ined   before   the  body s o l i d -  
i f i e ~ . ~  The form a t t a i n e d  may then be c a l c u l a t e d .   I n   e f f e c t ,   t h e  problem i s  
analogous t o   t h e  famous problem i n  cosmogony of  determining  the  f igure  of 
equilibrium of a r o t a t i n g   l i q u i d  mass (cf . ,   e .g . ,  ref .  12) except   tha t   the  
fo rce   t end ing   t o   con t r ac t   t he  mass i s  su r face   t ens ion   r a the r   t han   g rav i t a t ion  
(it i s  easy t o  show t h a t   f o r   b o d i e s   t h e   s i z e  of t e k t i t e s   t h e   m u t u a l   a t t r a c t i o n  

It i s  p r o b a b l e   t h a t   t h i s  was the   ca se   on ly   fo r   t he   t ek t i t e s   found   i n   t he  
. 

4 

par t  of the   s t rewnf ie ld   cover ing   southeas t   Aus t ra l ia   (c f .   re f .  11). The suc- 
ceeding  analysis i s  t h e r e f o r e   l i m i t e d   t o  t h a t  par t icu lar   g roup  of t e k t i t e s .  
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of the   bod ie s '   pa r t i c l e s  i s  neg l ig ib l e '  compared with  the  surface  tension 
f o r c e ) .  The d e f i n i t i v e   a n a l y s i s  is due t o  Charrueau (ref.  13), but i t s  essen- 
t i a l s  a r e ' r e p e a t e d  more a c c e s s i b l y   i n  volume 4 of   Appe l l ' s   t r ea t i s e  on r a t i o n a l  
mechanics ( r e f .  1 4 ) .  For present  purposes, it su f f i ces   t o   no te   t he   fo l lowing  
r e s u l t s  : 

(1) In   the   absence   o f   g rav i ta t ion ,   the   f igure   o f   equi l ibr ium must have 
c y l i n d r i c a l  symmetry; t h a t  i s ,  cross  sections  normal t o   t h e   a x i s  of r o t a t i o n  
a r e   c i r c l e s .  

(2 )  The mer id ian   curve   for   the   f igure  of equilibrium i s  an e l l i p t i c  
function  dependent on a single  parameter K2 having  the  form 

K2 = 6w2a3/8f 

i 
where 

6 l i qu id   dens i ty  

w angular ve loc i ty  

f sur face   t ens ion  

a rad ius  of f i g u r e   i n   e q u a t o r i a l  
p l ane   ( s ee   ske t ch   ( e ) )  

Meridian curve 

I 

(47) 

1 (3)  For K 2  = 0, t h a t  i s ,  f o r  
zero turning rate, the   f igure   o f   equi -  
l i b r i u m  i s  a sphere.  Let i t s  mass be 
m and i t s  rad ius  R. A body of t h e  
same mass with a small t u r n i n g   r a t e  
w i l l  f l a t t e n  a t  i t s  poles.  For K2 << 1, 
it i s  e s s e n t i a l l y   a n   e l l i p s o i d  of 
revolut ion.  The meridian  curve z ( r )  
( s e e   s k e t c h   ( e ) )  i s  approximately 

I 

Sketch (e)  

(1 - K 2 ) m  ; K2 << 1 

where, for t h e  same mass m, a and b,  t h e  semiaxes  of t h e   e l l i p s e ,   a r e  
r e l a t e d   t o  R ' by I 
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and t h e  mass and t h e  moment of i n e r t i a   a b o u t   t h e   a x i s .  are, respec t ive ly ,  

4Jr 
3 m r - (1 - K2)a36 

2 
5 Iz - ma2 

(4) For increasing  values  of K2 t he   f i gu re   f l a t t ens   p rog res s ive ly .  
In   the   absence  of an  external   pressure,  however ( i . e . ,  no  atmosphere),  the 
f i g u r e  must remain  convex  and t h i s   r e q u i r e s  K2 < 1. The value K2 = 1 
the re fo re   cons t i t u t e s   an  upper bound on t u r n i n g   r a t e   f o r  which t h e  body w i l l  
seek   cy l indr ica l  symmetry while   in   space.  A t  t h i s   cond i t ion ,   fo r   t he  same 
mass m, a /R = 21’3, b/R = 0.543. The exact forms of   the   f igures  of equi l ib-  
rium over t h e  whole  range  of K2 from 0 t o  1 a r e  shown on f i g u r e  9. 

I .c 

.8 

.6 

Z / R  

.4 

2 

0 2 . 4  
r / R  

Figure  9.- Meridian  curves   of   f igures   of   equi l ibr ium  for  a r o t a t i n g   l i q u i d   h a v i n g   t h e   f i x e d  mass 
of a sphere  of   radius  R under   the   ac t ion   of   sur face   t ens ion .  



(5 )  In   t he   absence  of an   ex te rna l   p re s su re ,   t he re  are no f i g u r e s  of 
equi l ibr ium  for  K2 > 1. Presumably i n   t h i s   c a s e   t h e  body w i l l  decelerate  
through a progression of elongating  pear-shaped  f igures  culminating  in 
separat ion a t  t h e  weakest  section. 

I n   a p p l i c a t i o n   t o   t e k t i t e s ,  it remains to   a s s ign   r ep resen ta t ive   numer i -  
ca l   va lues   t o   t he   phys i ca l   p rope r t i e s   appea r ing   i n   t he   pa rame te r  K2. These 
may be  obtained  f rom  resul ts   g iven  in   reference 4. The densi ty  6 of t e k -  
t i t e  g l a s s  i s  given as 2 .4  gm/cm3. The surface t ens ion  f fo r   g l a s s   o f   t ek -  
t i t e  composition i s  reported as 360 dynes/cm. A s ing le   r ep resen ta t ive  mass 
w i l l  be  assumed  and w i l l  be  taken t o  b e   t h a t   f o r  a sphere  of 1-em rad ius .  
With these  numbers, the   l imi t ing   va lues   o f  w and  angular momentum for which 
c y l i n d r i c a l  symmetry i s  sought (K2 = 1) are, respec t ive ly ,   the   o rder   o f  
25 radians/sec  and 167 dyne-em-see. 

P robab i l i t y  of a tumbling  entry. - It has  been  assumed t h a t   t h e  body 
a t t a i n s  a f igure  of   equi l ibr ium  in   space  before  it s o l i d i f i e s .  A s  a conse- 
quence, it must r o t a t e  a t  a constant  angular  velocity  about  an axis through 
i t s  center   of   gravi ty ,   and  that   axis  must maintain a f i x e d   a t t i t u d e   w i t h  
respect   to   space-f ixed  coordinates  ( re f .  1 4 ) .  Hence, the   angular   ve loc i ty  
vector   a lso  maintains  a f i x e d   i n c l i n a t i o n   w i t h   r e s p e c t   t o   t h e   v e l o c i t y   v e c t o r  
and t h e  body en ters   the   a tmosphere   in   th i s   condi t ion .  An i n c l i n a t i o n  of 
exact ly  90° corresponds t o  a tumbling  entry as defined  here,   whereas  an  incli-  
nation  of Oo corresponds t o  a rol l ing  motion  around  the  veloci ty   vector .  Con- 

s i d e r  f irst  t h e  consequences  of a 
purely  tumbling  entry  for  a f i g u r e  of 
equi l ibr ium,  that  i s ,  f o r  a body having 
c y l i n d r i c a l  symmetry about   the   ax is  of 
r o t a t i o n ,   t h e  la t ter  being  incl ined 900 
t o  t h e  stream. A s  shown on sketch ( f ) ,  - -- t h e  aerodynamic fo rce  on t h e  body 

D v always  remains  parallel  t o   t h e   v e l o c i t y  
vector  and  passes  through  the body's 
center  of volume. Bar r ing   t he   ex i s t -  
ence  of a significant  inhomogeneity or 
asymmetry, the   cen ter   o f   g rav i ty  i s  
coincident   with  the  center  of  volume 
and  the  aerodynamic  restoring moment 
about   the   cen ter   o f   g rav i ty  i s  i d e n t i  - 

Sketch (f) 

ca l ly   zero .  Hence, t h e  body i n   t h i s  mode i s  i n  a state of unstable   equi l ib-  
rium; a d is turb ing   force  whose moment vector  i s  even s l igh t ly   misa l ined   wi th  
the   angular   ve loc i ty   vec tor  w i l l  cause   the  body t o  depart   f rom  this  mode and 
seek a new s ta te  of  motion i n  which it i s  s t a b l e .  Now consider a c a s e   i n  
which t h e   a x i s  o f   ro t a t ion  is  i n c l i n e d   t o   t h e   v e l o c i t y   v e c t o r  a t  an  angle  less 
than go0. Sketch  (g) shows a view  of  the body in   the   p lane   conta in ing   bo th  
t h e   a x i s  o f   ro t a t ion   and   t he   ve loc i ty   vec to r .  A s  t h e  body has   cy l indr ica l  
symmetry about   the   ax is   o f   ro ta t ion ,  i t s  p r o j e c t i o n   i n   t h i s   p l a n e  i s  inva r i an t  
with time; t h e   p r o f i l e  i s  approximate ly   e l l ip t ica l  as a r e s u l t  of t h e   f l a t t e n -  
i ng   t he  body has  undergone  while  turning i n   t h e   l i q u i d  s ta te .  The  aerodynamic 
force on t h e  body l i e s  wholly  and  continually  in  the  plane; it i s  approxi- 
mate ly   a l ined   wi th   the  stream, but  passes  through a point  representative of 
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t h e   c e n t e r  of curvature of the  forward 
surface, a point  which l i e s  behind   the  
center  of grav i ty .  It i s  clear t h a t  
i n   t h i s  case an  aerodynamic  restoring 
moment i s  developed  about  the  center  of 
g r a v i t y   t h a t  w i l l  drive the   angle   o f  
a t t a c k  cr toward'  zero.  These  consid- 
e r a t i o n s  make it evident   tha t   the   p rob-  
a b i l i t y   t h a t  a f igure  of   equi l ibr ium 
w i l l  undergo a tumbling  entry i s  very - 
remote. The s t a b l e  state i s  wi th   t he  D 

cy l ind r i ca l   su r f ace   b roads ide   t o   t he  
stream, and   for  a l l  i n i t i a l   i n c l i n a t i o n s  
o ther   than   exac t ly  go0, t h e  body w i l l  
t e n d   t o   t h i s  state.  

Nonplanar  motions. - With  tumbling 
e f fec t ive ly   e l imina ted  as t h e  normal Sketch ( g )  

mode of   entry  for   bodies  which are f i g -  
ures of  equilibrium,  consideration must 
be  given t o  nonplanar  motions i n  which 
the   angu la r   ve loc i ty   vec to r  i s  i n i t i a l l y   f i x e d   i n   s p a c e ,   i n c l i n e d   t o  t h e  
ve loc i ty   vec to r  a t  some angle  less  than go0. It i s  possible ,  however, t o  
re la te  t h i s   s t u d y   i n  a s imple   fash ion   to   resu l t s   a l ready   ob ta ined   here .  

In   r e f e rence  15, Leon t r e a t e d  
t h e  problem of a spinning body enter ing 
t h e  atmosphere,   but  under  the  restriction 
t h a t  t h e  i n i t i a l   i n c l i n a t i o n   o f  t h e  
angular   ve loc i ty   vec tor   f rom  the   ve loc i ty  
vector  be small. A s  i n i t i a l   i n c l i n a t i o n s  
up t o  90° are of i n t e re s t   he re ,   t he  
r e s u l t s  of reference 15  are of only 
l imi t ed   app l i cab i l i t y   i n   t he   p re sen t   con -  
t e x t .  A means of  removing t h i s  limita- 
t i on   has  been  found;  however, as it i s  
suggested  by  the  form  of   the  resul ts   pre-  
s en ted   i n   r e f e rence  15, t h e s e  w i l l  be 
reviewed b r i e f ly   be fo re   t he i r   ex t ens ion  
i s  presented. A ske tch   o f   the   re levant  
coordinates,   adopted  from  reference 15, 
i s  shown in   ske t ch   (h )  . The most impor- 
t an t   ang le  i s  cr, t h e   i n c l i n a t i o n   o f   t h e  
body a x i s  z about  which t h e  body 
r o t a t e s ,   t o   t h e   v e l o c i t y   v e c t o r   a l o n g  
Z .  A s  t h e  body has   cy l ind r i ca l  symmetry 
about   the  z axis ,   the   aerodynamic  force 
on t h e  body i s  a function  only  of cr and 
l i e s  i n   t h e  cr plane.  The  aerodynamic 
moment about   the   cen ter  of g r a v i t y   t h e r e -  
f o r e  l i e s  on an  axis normal t o   t h e  a 
plane ,   o r   a long   the   l ine  of nodes.  The 

7 
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Sketch ( h )  



angle  a i n   e f f e c t   d e f i n e s   t h e  move- 
ment of the  nose of t h e  body about   the 
ve loc i ty   vec tor .   In   space   and  on en t ry  
i n t o   t h e  atmosphere d i s  f i x e d   i n  
value  and  or ientat ion,   but  as t h e   a e r o -  
dynamic moment grows, t h e  a plane 
w i l l  begin t o   r o t a t e  about Z causing 
t h e  body nose t o  move i n  a diminishing 

0 + s p i r a l .  A t y p i c a l  a h i s t o r y  i s  
shown on sketch (i) both as it appears 
t o  an  observer on t h e  Z axis   and as 

r e l a t i o n  i s  found i n   r e f e r e n c e  15, 
namely, t h e   r a t i o  between t h e  asymp- 
tot   ic   behavior   of   the   envelope  of  a, 

Sketch (i) a function  of  t ime. A very   usefu l  

(a),nv,  (cf.   sketch (i) ) to   the  asymptot ic   behavior   of   the   envelope  of  a f o r  
a planar,   nonspinning,  nontumbling  entry.   For  the same ent ry   condi t ions  
( a i  = ai, ;i = 2Ci = 0 ) ,  t h e   r a t i o  i s  simply 

where 

Thus, it i s  i n d i c a t e d   t h a t   t h e   r a t i o  of the  envelopes i s  a constant  and i s  
increased by a f a c t o r  dependent  only on a single  parameter v. 

The simple  form of equation (51) sugges t ed   t he   poss ib i l i t y   t ha t  a similar 
form  would r e s u l t  even   wi th   the   removal   o f   the   l imi ta t ion   to  small values  of 
a i .   Th i s   has  been  found t o  be the   ca se .  When t h e  aerodynamic r e s t o r i n g -  
moment coeff ic ient   can  be  expressed as Cmmx s i n  a, the  extension  of  equa- 

t i o n  (51) t o   t h e   c a s e  of a r b i t r a r i l y   l a r g e   v a l u e s  of a i  i s  of t h e  form 

In   the   p resent   s tudy ,   on ly  small t o  moderate  values  of v need  be  considered, 
an@ i n  t h i s   c a s e   t h e   r a t i o   i n v o l v i n g  G i s  e s s e n t i a l l y   u n i t y .  Then, as 
b e f o r e ,   t h e   r a t i o  of the  envelopes i s  increased by a simple  factor  dependent 
only on 5. A s  t he   p l ana r   so lu t ion  i s  a l r eady   ava i l ab le   ( eq .  (3O)), equa- 
t ion  (52)   provides  a simple means of  studying  the  angle-of-attack  behavior  of 
ro ta t ing   bodies   having   cy l indr ica l  symmetry abou t   t he   ax i s   o f   ro t a t ion .   In  
e f f e c t ,  one  need  only  study the  simplest  of  planar  problems,  nontumbling 
entry  from  without  the  atmosphere;  multiplying  the result by t h e   f a c t o r   i n  
equat ion   (52)   then   g ives   the   des i red   p roper ty   o f   the   ro ta t ing  body,. 



I n   t h i s   l i g h t ,   c o n s i d e r   t h e  
nontumbling  planar   entry  of   the   f igure 
of  equilibrium  with i t s  c y l i n d r i c a l  sur- 
face f a c i n g   t h e  stream. On sketch ( j ) ,  
a f igure   o f   equi l ibr ium P s  shown super- //' 

t h a t   t h e i r   f r o n t   f a c e s  are a l i n e d  as 
near ly  as poss ib l e .  If t h e   f r o n t   f a c e  I 

of   the   f igure   o f   equi l ibr ium  could   be  
a l i n e d   p e r f e c t l y  w i t h  t h a t   o f  the sphere, 
it i s  c l e a r   t h i t   t h e  moment about t h e  
center   o f   g rav i ty   o f   the   f igure   o f   equi -  
l ibr ium would  be  of t he  form 

R 

D 
imposed  on a sphere  of   the  same mass s o  y q  ,- 
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Sketch (j) 

It i s  ind ica ted ,   therefore ,  that f o r  
small amounts  of oblateness  equation (53) 
should  adequately  represent   the  pi tching moment f o r   t h e   f i g u r e  of  equilibrium. 
On the   o the r  hand,  because of t h e  fore-and-aft  symmetry of t h e   f i g u r e ,  t h e  
p i t ch ing  moment must be zero a t  a = n/2, s o  that   equat ion (53) w i l l  not 
apply  for  values  of a i n   t h e  immediate v i c i n i t y  of n/2. With t h i s   r a n g e  
excluded,  equation (53) i s  appl icable   to   the   f igure   o f   equi l ibr ium  having  
small oblateness .  Hence, with Cm of t h e  required form,  equation ( 3 0 )  i s  
applicable  and i s  rewri t ten  here   for   convenience 

where E = -a/2. It i s  convenient t o  rewrite equation (54) i n  terms of t h e  
r a t i o  q/qmh,  where q,, i s  t h e  dynamic pressure a t  maximum heat ing.  We have 
from  equation (32) 

Rorn equations (35) and (41) 

so  t h a t .  x2 becomes, when equations (lo), (53),  ( 5 5 ) ,  and (56) are used, 

x2 = - 2 e-1/3 1 
3 P s i n  yi  (R - b)  E(&) I qIlh (57) 

A s  only small amounts  of  oblateness are admissible ,   the   f igure  of   equi l ibr ium 
i s  e s s e n t i a l l y   a n   e l l i p s o i d   o f   r e v o l u t i o n   f o r  which the   express ions   for  m and 
b previously  presented (eqs. (47) through (50 ) )  may be used.  Retaining terms 



only t o   t h e  f i r s t  o r d e r   i n  K2 gives 

( R - b ) - = - - ;  m 5 K2 e<<1 
1 3 R  

which re la tes   the   geometr ic   p roper t ies   o f   the  body t o   t h e   r o t a t i o n   p a r a m e t e r  
K2. The envelope  expression  (eq. (54) ) becomes 

K2 7'" (~7'~ 
PR s i n  y i  

F ina l ly ,   the   envelope   express ion   for   the   in i t ia l ly   inc l ined   ro ta t ing  body, 
( t a n  0 / 2 ) ~ ~ ~ ,  i s  obtained  simply  from  the  product  of  equation (59) and t h e  
fac tor   g iven   in   equa t ion   (52) .  The r e s u l t  i s  

:an 0/2) env I 

Equation (60) r evea l s   an   i n t e re s t ing  result. It w i l l  be   noted  that   both K 
(eq. (47) ) and v (eq. (51) ) are   l inear   func t ions   o f  W. A s  tanh(n7/2) i s  
e s s e n t i a l l y   u n i t y   f o r  a l l  values of 7 greater   than  about  1.5, equation (60) 
i n d i c a t e s   t h a t   t h e   e f f e c t s  on the  envelope due s e p a r a t e l y   t o  K2 and v cancel 
each  other. On t h e  one  hand, increasing K2 corresponds t o   i n c r e a s i n g   t h e  
t u r n i n g   r a t e   o f   t h e   l i q u i d  body, giving it a g rea t e r   ob la t eness ,   and   t h i s   i n  
t u r n   l e a d s   t o  a l a r g e r   r e s t o r i n g  moment which makes the  envelope  subside more 
r ap id ly .  On the   o the r  hand, t h e   i n e r t i a l   e f f e c t  of t h e   l a r g e r   t u r n i n g   r a t e  i s  
t o  widen the  envelope.  These two opposing  effects  cancel.  The r e s u l t  i s  
tha t ,   regard less   o f   the   tu rn ing   ra te ,  a l l  bodies  formed by turning,  having  the 
same mass and t h e  same i n i t i a l   i n c l i n a t i o n  a i ,  w i l l  have ident ical   angle-of-  
a t tack  envelopes.   Al though  this   resul t   has   been  obtained  under   the  res t r ic-  
t i o n  of small turn ing   ra tes ,   numer ica l   so lu t ions   for   l a rger   ra tes   ind ica te  
t h a t  it r ema ins   e s sen t i a l ly   t rue   fo r  a l l  r a t e s  up t o   t h 2   l i m i t i n g   v a l u e  
(K2 = 1) f o r  which a f igure  of   equi l ibr ium  exis ts .  

Consider t he   app l i ca t ion   o f   t h i s   r e su l t   t o   t he   sou theas t   Aus t r a l i an  
t e k t i t e s .  O f  a l l  t h e  round-form t e k t i t e s   t h a t  have  been  discovered i n   t h i s  
region, none  have  been  reported, t o   t h e   a u t h o r s '  knowledge, t o  have  any more 
than a small amount of   ob la teness ;   tha t  i s ,  i n   r e f e r e n c e   t o   f i g u r e  9, none 
apparently  have  primary  figures  corresponding to   va lues   o f  5 grea te r   t han  
perhaps  0.2.  This means t h a t  i f  they had  been  formed by t u r n i n g   i n   t h e   l i q u i d  
s t a t e ,   t h e i r   t u r n i n g   r a t e s  had t o  have  been small. The analysis  above  leads 
one t o  expect   that ,  as t h e   t e k t i t e s  having small turning  ra tes   evident ly   were 
ab le   to   surv ive   the i r   passage   th rough  the   a tmosphere ,   t ek t i tes   having   forms  



cons is ten t   wi th   cons iderably   l a rger  rates should  have  been  able t o  survive as 
w e l l  s ince  their   angle-of-at tack  envelopes  should  have  been  essent ia l ly   the 
same. That   such  tekt i tes   apparent ly   have  not   been  found  in   southeast  
A u s t r a l i a   t h e r e f o r e   c a n n o t   b e   a t t r i b u t e d   t o   t h e i r   h a v i n g   f a i l e d   t o   s u r v i v e  
the i r   f l igh t   th rough  the   a tmosphere ,   bu t  must be  charged t o   t h e  mechanism  by 
which t h e   t e k t i t e s  were formed.  The  evidence is ,  t h e n ,   t h a t   t h i s  mechanism 
was capable  of  imparting t o   t h e   t e k t i t e s   o n l y  a very   l imi ted  amount of 
angular moment urn. 

Effect   of   ablat ion.-  The ana lys i s  of the  preceding  sect ion  should  ade-  
quately  descr ibe  the  behavior  of t h e  round-form t e k t i t e s   o v e r   t h e   i n i t i a l   p o r -  
t ion   o f   the i r   en t ry   in to   the   a tmosphere .  A s  soon as ablat ion  begins ,  however, 
the  bodies  undergo a marked  change i n  geometry,  and t h i s  must be  taken  into 
account   in   the  analysis   of   their   subsequent   behavior .   This  may be done qua l i -  
t a t i v e l y   w i t h i n   t h e  framework  of the  present   theory  in   view  of   the  fol lowing:  
F i r s t ,  as in  the  preceding  section,  one  need  only  study  the  case of planar 
motion  and  then  multiply  the  result  by the   f ac to r   g iven   i n   equa t ion  (52) t o  
obtain  the  behavior   of   the   rotat ing  body.   Second,   in   considerat ion of t h e  
planar  motion, it may be   sa id   tha t   the   p rev ious   ana lys i s  w i l l  hold  over t h e  
range  of dynamic pressure   f rom  essent ia l ly   zero   to  a value s, at  which ab la -  
t ion   begins .   Resul t s  of t he   ab la t ion   s tud ie s  of  reference 4 i n d i c a t e   t h a t   t h e  
r a t i o  %/qmh v a r i e s  somewhat wi th   en t ry   condi t ions   and   tek t i te   s ize .   For  
entry  conditions  compatible  with a luna r   o r ig in   and   fo r   t ek t i t e s   t he  s i z e  of 
those  found  in   southeast   Austral ia ,  results from  reference 4 i nd ica t e  a value 
f o r   t h e   r a t i o  of  approximately 1/20. For convenience, l e t  it be  assumed that 
a peak i n  t h e  o s c i l l a t o r y  motion  occurs i n   t h e   v i c i n i t y  of t h i s   p o i n t .  The 
corresponding  values  of cP and  x(cp)  then may be  determined  from  the  preced- 
ing  analysis  and w i l l  serve as the   i n i t i a l   cond i t ions   fo r   t he   ensu ing   mo t ion .  

A s  ab la t ion   begins ,   the   sur face  
f ac ing   t he  stream w i l l  begin t o  recede, 
increasing i t s  radius   of   curvature   (cf .  
f i g .  19, r e f .  4 ) .  It i s  reasonable t o  
assume t h a t ,  though t h e  angle  of a t t a c k  
continually  changes,   the  forward  surface 
w i l l  continue t o   p r e s e n t   a n   e s s e n t i a l l y  
s p h e r o i d a l   f a c e   t o  t h e  stream. Hence, 
approximately,  the  aerodynamic  force on 
t h e  body w i l l  remain  a l ined  with  the D- 

stream direct ion  and  pass   through  the 
center  of  curvature of the  forward sur- 
face .   This  i s  i l l u s t r a t e d  on sketch  (k)  . 
A s  the  forward  surface  continues t o  
recede, i t s  center  of  curvature moves 
rearward. The center   o f   g rav i ty   a l so  
moves rearward,  but less r a p i d l y   t h a n   t h e  
center  of curvature,  s o  t h a t   t h e   s t a t i c  Sketch (k) 
Iliargin 5 increases   with time. The 
r e s u l t  i s  that   the   aerodynamic-restor ing 
moment about   the   cen ter  of g r a v i t y   r e t a i n s  
t he  form 

Cm = - C D ~  s i n  a 



but now CD and   espec ia l ly  5 are increasing  funct ions of time. The equa- 
t ion  of  motion,  equation (4), a l s o   r e t a i n s   t h e  same form 

where now I a l s o  i s  a funct ion of time. However, fo r   t he   sphe ro ida l  body 
t h e  changes i n  I and CD are small enough t o  be  neglected,  or,in  any  case, I 
and CD may be combined with 5 t o   g ive   an   " e f f ec t ive"   va lue   o f   t ha t  param- 
e te r .  F ina l ly ,   s ince   bo th  5 and   q ( t )   i nc rease   w i th  time, it may be  assumed 
t h a t ,  a t  least q u a l i t a t i v e l y ,  5 increases  as some  power of  q, t h a t  i s ,  

where Sa and are, r e s p e c t i v e l y ,   t h e  s ta t ic  margin  and dynamic pressure at 
the  beginning  of   ablat ion.  On i n s e r t i o n  of the   exponent ia l   approximation  for  
q (eq. (8) ) , the  equation  of  motion becomes 

which re ta ins   the   form for t he   Pa in l ev6   t r anscenden t .   I n   e f f ec t ,   t he   i nc reas -  
i n g   s t a t i c  margin  causes  the body t o  behave as though i', were R nonablating 
body passing  through  an  atmosphere  with a l a rge r   dens i ty   g rad ien t   t han   t ha t  
a c t u a l l y   e x i s t i n g .  

With t h e  form  of  the  Painlev;  equation  retained, 
ob ta ined   prev ious ly   for   the   p lanar   osc i l la tory   mot ion  
merely by a change i n   n o t a t i o n .  Thus, l e t  

- 
s = s ( l  + A )  7 

The  asymptotic  behavior  of  the  envelope  curve  follows 

a l l  o f   t h e   r e s u l t s  
may be made appl icable  

from  equation (28) 

(66) 

It i s  u s e f u l   t o   c a s t   t h i s   r e s u l t   i n  terms o f   t he  dynamic p r e s s u r e   r a t i o   q / q d  
where, as before, qd i s  t h e  dynamic pressure a t  m a x i m u m  heating. The r e s u l t  
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i s  . .  . .  
1 .  

The parameter IC may b e   r e l a t e d   t o   t h e   o r i g i n a l   c o o r d i n a t e  x a t  the   begin-  
ning  of   ablat ion  through  the  expression 

- 

Finally,   the  complete  envelope  curve  for  the  planar  motion,  obtained  from 
equations (59) and (67) i s  mul t ip l ied  by t h e   f a c t o r   , / ( n 7 / 2 ) /   [ t a n h ( n F / 2 ) ]   t o  
g i v e   t h e   d e s i r e d   r e s u l t   ( t a n  0/2),,. Results  obtained  from  the  above  analy- 
s i s  a r e  shown  on f i g u r e  10 f o r  severa l   va lues  of the  ablat ion  parameter  A. 
The  body has t h e  mass of a sphere of 
1-em radius  and a t u r n i n g   r a t e  of 
1 radian/sec.   Entry  condi t ions  are  
those  es t imated  in   reference 4 t o  be 
compatible  with a lunar   o r ig in :  

= 11.2 km/sec 

p = 0.1396 km-l 

Y i  = 20 0 

0 

The  main r e su l t s   a r e   cons ide red   t o   be  
those  shown on f igu re   lO(a )   fo r   an  
i n i t i a l   i n c l i n a t i o n  0: of 40° s ince  
i f  t h e   i n i t i a l   i n c l i n a t i o n  was t r u l y  
a r b i t r a r y ,   t h e   g r e a t e s t  number of t e k -  
t i t e s   s h o u l d  have  entered  the  atmos- 
phe re   w i th   i nc l ina t ions   nea r   t he  mean 
between 0' and 90'. Figure 19 of r e f e r  - 5 2 o  

ence 4 was used t o   e s t a b l i s h  a represent-  b" 
a t ive   va lue   o f  A f o r   t e k t i t e s  undergoing 
ablat ion  under   nonosci l la tory  condi t ions:  10 

Over the   impor t an t   i n i t i a l   pe r iod   o f .  
ablat ion,   dur ing which time the   rad ius   o f  
curvature  of t he   f ron t   f ace   i nc reases  
very   rap id ly ,  A w a s  found t o  be  of t h e  
order of 4 or 5. For t h e   i n i t i a l l y  . 

i n c l i n e d   r o t a t i n g   t e k t i t e ,  of course a 
smaller value must be  expected,  but it i s  

Figure  10.- Envelopes of r e s u l t a n t   a n g l e s  Of 
a t t a c k  of a r o t a t i n g   s p h e r o i d a l   t e k t i t e  

seen on f i g u r e  l O ( a )  t h a t  even a f r a c t i o n  for  a range of values  of t h e   a b l a t i o n  
of t h e   f u l l  amount i s  s u f f i c i e n t   t o   r e d u c e  ~ ~ ~ ~ ~ ~ i a ~ ~ s " , n i n g  rate 

( a )  u i  = 40° 

OI 
W 
U 

0 .2  4 6 8 1.0 
q'q rnh 

(b)  C I ~  = 80' 
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0 t o   n e g l i g i b l e   p r o p o r t i o n s  w e l l  before maximum heat ing.  The r e s u l t s   l e a d  
to   the   conclus ion   tha t   en t ry   condi t ions   compat ib le   wi th  a lunar   or igin  permit  
s u f f i c i e n t  time f o r   t h e   g r e a t e r   p a r t   o f   t h e   r o u n d - f o r m   A u s t r a l i a n   t e k t i t e s   t o  
a l ine   themselves   wi th   the  stream w e l l  before  maximum heating,  in  compliance 
with  the  physical   evidence  of   their   having  undergone  ablat ion  under   nonosci l -  
l a t o r y   c o n d i t i o n s   o v e r   t h e   h i g h   h e a t i n g   p o r t i o n   o f   t h e i r   t r a j e c t o r i e s .  Shown 
on f igu re   10 (b )  are r e s u l t s   f o r   a n   i n i t i a l   i n c l i n a t i o n   o f  80°. It i s  noted 
t h a t ,  i f  t h e  same rate  of   ab la t ion  i s  allowed (A = 3) as t h a t  which  brought 
t h e  body to   neg l ig ib l e   ampl i tudes   i n   t he   ca se   o f  a 40' i n i t i a l   i n c l i n a t i o n ,  
he re   t he  body s t i l l  r e t a i n s  a res idua l   ampl i tude  as maximum heating i s  
approached,  but  of  no more than  a f e w  degrees.  Then i n   t h i s   c a s e   a l s o ,   t h e  
f ina l   s t age   o f   ab l a t ion   occu r s   w i th   t he  body i n   a n   e s s e n t i a l l y   f i x e d   a t t i t u d e  
with  respect  t o  t h e  stream, so  t h a t   t h e   r i n g  waves and  coi led  f langes  charac-  
t e r i s t i c   o f   t h i s   s t a g e   s h o u l d  make the i r   appearance  on t h i s  body as w e l l .  On 
t h e   o t h e r  hand, s ince   ove r   t he   i n i t i a l   po r t ion   o f   t he   ab l a t ive   p rocess   t he  
inc l ina t ion   o f   t he   nose   o f   t he  body was cons ide rab ly   g rea t e r   t han   i n   t he  f i r s t  
case,   the  nose w i l l  have  received  considerably less hea t ing   t han   i n   t he  f i r s t  
case,  and  hence w i l l  have  receded a lesser amount.  The i n i t i a l   i n c l i n a t i o n  
must be  considered t o  b e   a r b i t r a r y   a n d   t h e r e f o r e ,   f o r   i n i t i a l l y   i d e n t i c a l  
bodies,  any amount of   ab la t ion  i s  poss ib l e  between t h e  maximum,  when t h e   i n i -  
t i a l  i n c l i n a t i o n  i s  z e r o ,   a n d   t h a t   f o r   i n i t i a l   i n c l i n a t i o n s   n e a r  90'. It i s  
be l i eved   t ha t   t h i s   exp la ins  how it can  happen t h a t   i n i t i a l l y   i d e n t i c a l   t e k -  
t i t e s   f o l l o w i n g   i d e n t i c a l   t r a j e c t o r i e s  may nevertheless  show q u i t e   d i f f e r e n t  
depths   of   recession  of   their   forward  surface  (cf .  re f .  4 ) .  

Nonspheroidal  shapes.- While the   p receding   ana lys i s  would  appear t o  apply 
t o   t h e   m a j o r i t y   o f   t h e   t e k t i t e s   f o u n d   i n   s o u t h e a s t   A u s t r a l i a  ( i . e . ,  those  of  
t h i s   r e g i o n  whose shapes are e s s e n t i a l l y   s p h e r o i d a l ) ,  it does  not  account  for 
t he   r ema in ing   shapes ,   i n   pa r t i cu la r   t he   e l l i p so ids   and  "dumbbells . I 1  Figure 11 
i l lu s t r a t e s   t he   t h ree   shapes ,   t he   o r ig ina l   unab la t ed   fo rms   be ing   ev iden t   i n   t he  
rear view. It i s  i n t e r e s t i n g   t o   s p e c u l a t e  on poss ib l e  mechanisms t h a t  might 
accoun t   fo r   t he  l a t te r  two  forms.  The f ac t   t ha t   ob la t e   sphe ro ids ,   e l l i p so ids ,  
and  dumbbells make the i r   appea rance   a l so   i n   t he   s tudy   o f   ro t a t ing   l i qu ids  
when t h e   c o n t r a c t i v e   f o r c e  i s  g r a v i t a t i o n  ( r e f .  12)  suggests a t  f irst  glance 
t h a t   t h e  mechanism f o r   t h e   f o r m a t i o n   o f   t e k t i t e s  might  have  been  of a similar 
na ture .  The i n v e s t i g a t i o n   o f   t h i s   p o s s i b i l i t y  was i n   f a c t  what motivated  the 
p re sen t   r e sea rch .   In   t he   g rav i t a t iona l   ca se ,   t he   sphe ro ids   and   e l l i p so ids  
form a progression  of   f igures   of   equi l ibr ium  with  increasing  angular  momentum, 
wh i l e   t he  dumbbell or   pear-shaped  f igure makes i t s  appearance  for  values  of 
angular momentum beyond t h a t   o f   t h e  las t  s t ab le   e l l i p so id   (whe the r   t he   pea r -  
shaped  f igure i s  i t se l f  s t a b l e  i s  a de l i ca t e   and  s t i l l  controversial   quest ion) .  
Unfor tuna te ly ,   the   case   for   the   ex is tence   o f  a p a r a l l e l  phenomenon f o r   t h e  
t e k t i t e s  i s  untenable. When t h e   c o n t r a c t i v e   f o r c e  i s  su r face   t ens ion   t he  
f igure  of   equi l ibr ium must  have c y l i n d r i c a l  symmetry about   the   ax is   o f   ro ta -  
t i o n  ( r e f .  14), which ru les   ou t   bo th   the   e l l ipso id   and   the   dumbbel l .  

Two a l t e r n a t i v e  phenomena may be  envisaged:   Firs t ,   these  bodies  may have 
had  angular momenta l a r g e  enough t o  exceed   t he   l imi t ing   va lue   fo r  which a 
s t a b l e   f i g u r e   e x i s t s .  They  would then  have  sought t o   r i d  themselves  of  part 
of t he i r   angu la r  momentum, and  this  process  could  conceivably  have led  t o   t h e  
formation  of   e longated  e l l ipsoids   and  dumbbel ls ,   these  sol idifying  before   they 



I 

cm I 
Front v iew 

Side view 

Rear  view 

Figure 11.- Aus t r a l i an   t ek t i t e s   hav ing   i n i t i a l ly   sphe ro ida l ,   e l l i p so ida l ,   and   dumbbe l l   shapes .  
(Photograph of c a s t s  made from o r i g i n a l s   i n   B r i t i s h  I4usewn.) 
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could  break  apar t .  Le t  us   confine  a t tent ion  only  to   specimens of a common 
i n i t i a l  mass, and l e t  t h e  mass be   t ha t   o f  a sphere of 1-cm radius ,  a charac- 
t e r i s t i c   s h a r e d  by a l a r g e  number of t h e  specimens  found in   southeas t  
A u s t r a l i a .  Then  according t o   t h e  above  hypothesis,   the  elongates must  have 
had  angular momenta in  excess  of  approximately 170 dyne-cm-sec. On t h e   o t h e r  
hand, spheroids of t h e  same mass found in  southeast   Australia  could  have  had 
angular momenta only  of   the  order   of  0-60 dyne-cm-sec  on the  presumption 
a l ready   no ted   tha t   the i r   va lues   o f  K2 were  no larger   than  perhaps 0 .2 .  Then 
t h e r e  i s  a range  of  angular momenta from 60 t o  170 dyne-em-sec i n  which f i g -  
ures of equ i l ib r ium  cons i s t en t   w i th   va lues   i n   t h i s  range apparently  have  not 
been  found in   southeas t  Australia. A s  has  been  discussed,  the dynamic  behav- 
i o r  of  these  bodies  should  have  been similar t o   t h a t  of surviving  bodies  hav- 
ing smaller values of angular momentum, and  hence,   there i s  no  evident  reason 
why they   should   have   fa i led   to   appear .   That  i s ,  i f  the  elongates  had  been 
formed as t h e   r e s u l t  of  having  an  excess  of  angular momentum, t h e n   f l a t t e n e d  
spheroids  should  have  been  formed as w e l l  and  should  have  been  found i n   s o u t h -  
east   Austral ia .   This   inconsis tency  leads  one  to   doubt   that   the   e longates  
could  have  had  such  large  values  of  angular momentum a n d   t h e r e f o r e   t o   r e j e c t  
t he   i dea   t ha t   t hey   cou ld   have  been  formed i n   t h e  way envisaged  above. 

With r o t a t i o n   r e j e c t e d  as t h e  mechanism by which the  e longates   acquired 
t h e i r  form, a second  a l te rna t ive  i s  the  break-up  of a s lowly  turning j e t  of 

x=-zz=z - O o 0  ( r e f .  16), a j e t  of f l u i d  i s  unstable  
l i q u i d   g l a s s .  A s  i s  well  known 

and w i l l  exh ib i t  ever -increasing  har - 
monic undulations  along i t s  l eng th .  A s  
shown i n   t h e  upper sect ion  of  

e x h i b i t   a n   e l l i p s o i d a l  form,  whereas, 

the  drop would t e n d   t o   t h e  dumbbell 

"-==I a sketch ( 2 )  , a freed  drop would t e n d   t o  

Sketch  ( I )  as i n   t h e  lower  section  of  the  sketch,  

form.  Surface  tension would then  cause a l l  forms t o   t e n d   t o   t h e   s p h e r o i d a l .  
The appearance  of a l l  three  forms on t h e   s u r f a c e  of t he   Ea r th  may b e   a t t r i b -  
u t ed   t o   va ry ing  rates of s o l i d i f i c a t i o n ,  some bodies   having  sol idif ied  before  
a t t a i n i n g   t h e i r   f i n a l   f o r m s .  

CONCLUDING REMARICS 

The  tumbling  motion  of  aerodynamically  stable  bodies  entering  planetary 
atrnospheres  has  been  analyzed  considering  that  the  tiunbling  motion, i t s  a r r e s t ,  
and the  subsequent  oscil latory  motion  are  governed by t h e   d i f f e r e n t i a l   e q u a t i o n  
fo r   t he   f i f t h   Pa in l ev6   t r anscenden t .  A study  of  the  asynq)totic  behavior  of  the 
t ranscendent   enabled   the   func t iona l   re la t ionship  between the  envelope of o s c i l -  
l a t o r y  motion  and a l l  t h e   s i g n i f i c a n t  body and   p lane tary   p roper t ies   to  be demon- 
s t r a t e d   i n  a concise  expression.  Results were appl ied   to   the   s tudy   of   vehic les  
intended  for   use as planetary  probes  and it w a s  shown how rapid  estimates  could 
be made of t h e i r  p robab le   ampl i tudes   o f   o sc i l l a t ion   i n   r e l a t ion   t o  aerodynamic 
heating  and  loads.  The theory was a l s o   a p p i i e d   t o  a study  of  the  motions  of  the 
sou theas t   Aus t r a l i an   t ek t i t e s .  It was concluded  that   with  entry  conditions 



compatible   with  those  for  a lunar or ig in ,  a cons ide rab le   r ange   o f   i n i t i a l  
t u rn ing  rates a n d   i n i t i a l   i n c l i n a t i o n s  i s  a d m i s s i b l e   f o r   t h e   s p h e r o i d a l t e k -  
t i t e s  within which their   ampli tudes  of   osci l la tory  motions are reduced t o  
negl igible   proport ions  before  maximum heating.  This  complies  with  the evi-  
dence of their   having  undergone  ablation a t  e s s e n t i a l l y   f i x e d   a t t i t u d e s  Over 
t h e   h i g h   h e a t i n g   p o r t i o n   o f   t h e i r   t r a j e c t o r i e s .  The admiss ion   o f   an   i n i t i a l  
inc l ina t ion   f rom  the   d i rec t ion   of   f l igh t   o f   the   ax is   about  which t h e  body 
turns   l eads   to   an   explana t ion   of  how it can  happen t h a t   i n i t i a l l y   i d e n t i c a l  
t e k t i t e s   f o l l o w i n g   i d e n t i c a l   t r a j e c t o r i e s  may show s i g n i f i c a n t l y   d i f f e r e n t  
depths   of   ablat ive  recession  of   their   forward  surfaces .  It i s  suggested  that  
t h e  mechanism  by which t h e  southeas t   Aus t ra l ian   t ek t i tes   acqui red   the i r   forms  
was  t h e  break-up  of a s lowly  turning j e t  of l i q u i d   g l a s s .  
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